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Monte Carlo lattice simulation of amphiphilic systems in two and three 
dimensions 

R. G. Larson 
AT&T Bell Laboratories. Murray Hill. New Jersey 07974 

(Received 29 December 1987; accepted 12 April 1988) 

Microstructures such as 2D micelles (in two dimensions) and lamellar arrays, cylinders, and 
spheres (in three dimensions) are allowed to self-assemble via Monte Carlo simulation of an 
idealized lattice model for amphiphile-oil-water systems. Energies, free energies, equilibrium 
phase diagrams, and solution microstructures are estimated by Monte Carlo sampling of 
configuration space. In two dimensions (2D) at a temperature at which oil units have only a 
3% solubility in the water phase, amphiphile at 20% concentration solubilizes any ratio of oil 
and water into a single phase and at lower concentrations produces phases with ultralow 
interfacial tension between them. As expected, in 3D solubilization is weaker and interfacial 
tensions higher than in 2D at comparable temperatures. Nevertheless, 3D systems containing 
the longest amphiphile (four head and four tail units) shows ordered solution structures, such 
as micelles at modest amphiphile concentration and periodic lamellar and cylindrical 
structures at high amphiphile concentration that are analogous to those of diblock polymers 
mixed with low molecular weight homopolymers. 

I. INTRODUCTION 
Surfactant-containing solutions have unusual proper­

ties associated with the tendency of surfactant molecules to 
form microstructured solutions. 'Typical properties include 
the ability of modest concentrations of surfactant to solubi­
lize two antagonistic liquids, such as oil and water, into a 
single equilibrium phase, and formation, at high surfactant 
concentrations, of liquid--crystalline phases. All surfactant 
molecules are amphiphilic; i.e., they contain both water-lov­
ing and oil-loving moieties. But some amphiphiles, such as 
small alcohol molecules, do not form the above solution 
structures, and are thus not considered surfactants. Both 
surfactant-like and alcohol-like amphiphiles are considered 
in the simulations presented here. 

Surfactants mixed with aqueous and/or hydrocarbon 
components form a wide range of fascinating microstruc­
tures, including randomly dispersed and orderly packed 
globules and cylinders as well as flat (lamellar) or curved 
(vesicular) multilayers and bicontinuous structures. The 
prediction of equilibrium microstructure from molecular ar­
chitecture and intermolecular interactions is an extremely 
challenging theoretical goal, towards which considerable 
progress is being made, through both analytic and comput­
er-simulation approaches. 

In the analytic approach, physically motivated simplifi­
cations are sought whereby one can dodge the mUltiple body 
interactions inherent in the problem. Simple space-jilling 
packing arguments,I,2 together with an estimated optimal 
surface area per surfactant, allow one to predict micellar and 
vesicular structures in dilute surfactant solutions. Thus 
compact objects such as spherical micelles are predicted­
and indeed observed-to give to less compact objects such as 
cylinders and bilayers as the effective cross-sectional area of 
the head or water-loving component of the surfactant be­
comes smaller (through addition of salt to ionic surfactants, 
for example) relative to the effective cross-sectional area of 
the tailor oil-loving moiety. More detailed information has 
been provided through self-consistent mean-jield approxi-

mations whereby the configuration of a test surfactant mole­
cule (in a micelle, say) is computed in a mean field created 
by surrounding surfactants, which are assumed to have the 
same average properties as the test chain.3

,4 A class of analyt­
ic theories for random bicontinuous microemulsions has been 
spawned by the work of Talmon and Prager.S

-8 They coarse 
grained the molecular description away and assumed that all 
the surfactant resides in sheets that divide oil and water re­
gions from each other. In these latter theories molecular 
properties appear only implicitly through their influence on 
phenomenological surface curvature and curvature-fluctu­
ation parameters. The analytic approach as a whole suffers 
the drawback that the class of allowed microstructures is 
assumed a priori; one then deduces which of the assumed 
microstructures has the lowest free energy and therefore is 
the most stable of those considered. In addition to ignoring 
complex or as yet unimagined microstructures, the analytic 
approach is not well suited to deal with situations in which 
fluctuations in size or shape are large, or indeed the micro­
structure itself fluctuates from one topology to another. 

The second general approach, that of Monte Carlo or 
molecular dynamics simulation, has the potential to address 
limitations of the analytic approach. Techniques have pro­
gressed to where they are yielding useful physical insight. 9-11 
Unfortunately, however, computers are not yet fast enough 
to allow both accurate description of real intermolecular in­
teractions and self-asssembly of arbitrary microstructures. 
Two complementary kinds of simulation are, however, now 
feasible. In the first kind, the microstructure is prescribed a 
priori as in the analytic approach: single globular micelles9-11 
and bilayers lO have been studied thus far. In the second kind 
of simulation, accurate molecular description is not attempt­
ed-the surfactants and other molecules are endowed with 
only their most essential features-but molecules are al­
lowed to self-assemble into the microstructure they prefer. 
This latter kind of simulation addresses directly the limita­
tions of the analytic approach. The first steps of this kind 
have been taken in two-dimensional Monte Carlo lattices 
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FIG. 1. Example of two-dimensional lattice model with amphiphile head 
units ( circles). tail units (lines). oil units (shaded). and water units 
(blank). 

studies by Larson l2 and by Care. 13 Larson's simulations 
showed micellar cluster formation, and allowed one to esti­
mate equilibrium solubilization of oil and water into the mi­
cellar phase. Care has computed the average micellar cluster 
size as a function of temperature and of the intermolecular 
energy parameters. 

The work presented here is an extension of Larson's ear­
lier 2D work to longer 20 runs and to 3D lattices. In the 
simulation, oil and water molecules occupy single sites on 
the lattice and the amphiphile occupies a sequence of contig­
uous sites, as in Fig. 1. Here a contiguous site is either a 
nearest neighbor or a diagonal nearest neighbor. Each site 
therefore has z = 8 contiguous sites in 2D and z = 26 in 3D, 
where z is the coordination number. The structure depicted 
in Fig. 1 evolved from an initially random spatial distribu­
tion of amphiphile molecules after several million attempted 
moves. 

The highly idealized model amphiphiles considered 
here are crude models of surfactant molecules that are 
known to form interesting microstructures in solutions with 
water and/or oil. Although the tail units of real surfactants 
can be similar chemically to the oil molecules they are mixed 
with, the head units of real surfactants are usually similar to 
water molecules only in their strong polarity. The variety of 
possible energetic (and steric) interactions between real sur­
factant head groups and water is, in part, responsible for the 
rich diversity of behavior possible in these systems. 14,15 Al­
though this diversity connot be described in detail by the 
idealized model considered here, a study of the ideal systems 
could perhaps form a common base to which the variety of 
complications occurring in real systems may be related. 

The energetics of our ideal system actually has much 
more in common with mixtures of block polymer A-B in low 
molecular-weight homopolymers A and B than with surfac-

tant mixtures. The statistics, and consequently the entropies, 
of our short-molecule systems are, however, different from 
those of polymers. Nevertheless, in our amphiphilic system, 
we will report composition-dependent transitions in micro­
structure from lamellar to cylindrical to spherical that are 
analogous to those seen in the block polymer systems. 16 To 
our knowledge this represents the first molecular simulation 
of these microstructural transitions in amphiphilic systems. 

II. MONTE CARLO TECHNIQUE 

In the simulations, initially random configurations 
evolve toward configurations typical of equilibrium by the 
usual Metropolis scheme, in which many small transitions in 
molecular configuration occur sequentially. The probability 
that a given transition occurs is biased by the energy change 
resulting from the transition. For a given temperature, tran­
sitions that reduce the system energy occur with enough 
greater probability than those that increase it that thermal 
equilibrium is eventually achieved. The types of transition 
allowed are depicted in Fig. 2; these were chosen because 
they allow a relatively rapid approach to equilibrium. The 
usual periodic boundary conditions are used. Details of the 
simulation technique can be found in Ref. 12. 

On the ternary oil-water-amphiphile diagram, such as 
Fig. 3, the location of the envelope, below which multiple 
phases appear at equilibrium for the lattice model, is estimat­
ed through calculation of the free energy of mixing of the 
three components in various ratios. Free energies are calcu­
lated by first computing canonical ensemble averages of the 
total system energy, this being the sum of the interaction 
energies of all nearest-neighbor and diagonal nearest-neigh­
bor pairs of units. For simplicity, the interaction energy ofa 
head unit with any other unit is assumed to be the same as 

TRANSITION MODES 
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FIG. 2. The three transi­
tion modes allowed in the 
Monte Carlo algorithm. 
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A 

FIG. 3. Zeroth-order, first-order (quasichemical), and Monte Carlo phase 
diagrams for H.T. amphiphiJe on the square lattice. 

that of a water unit. Likewise, oil and tail units are assumed 
identical in their interactions with other units. Thus, the am­
phiphile is a string of oil (lyophilic) units and water (hydro­
philic) units. There are, therefore, three types of interaction: 
hydrophilic-hydrophilic, hydrophilic-lyophilic, and lyo­
philic-lyophilic, each with its own interaction energy, 
EHH , EHL , and ELL' respectively. The net energy of mixing 
is a multiple ofthe combination, W=:ELH - !ELL - !EHH . 
Thus the ratio w = W IkTis the only energetic parameter in 
the simulation. 

The average dimensionless energy of mixing is 
E = w(X HL)' where (X HL) is the ensemble average ofthe 
number of hydrophilic-lyophilic interactions. By comput­
ing this energy at a sequence of temperatures, the Helmholz 
free energy F can be estimated from a Gibbs-Helmholz 
equation, 

a(FID =E. 
a(lID 

(1) 

Starting at an infinite temperature, w = 0, where the 
free energy is well approximated by an expression of Gug­
genheim 17 for athermallattice mixtures, the free energy at 
w = 0.5 in 2D and w = 0.1538 in 3D is estimated by a trape­
zoidal-rule integration of Eq. (I) using average energies 
computed at the inverse dimensionless temperatures w listed 
in Table I. (See Ref. 12 for details.) Test calculations with 

TABLE I. Number of configurations sampled in each Monte Carlo run." 

This work 
Reference 12 4OX4Oor l00X 100 

w(2D) 4OX4O lattices 

0.10 100000 5000000 
0.20 250000 12500000 
0.30 250000 12500000 
0.40 500000 25000000 
0.45 1000000 50000000 
0.50 1000000 50000000 
Total 31000000 155000000 

smaller steps in w were carried out; these did not yield any 
significant departure from the free energies obtained using 
the w values of Table I, and therefore, the steps between 
values of w given in Table I were deemed small enough. 
w = 0.1538 on the 3D lattice is comparable to w = 0.5 on the 
2D lattice because both correspond to a temperature that is 
about 60% of the critical temperature for the binary mixture 
of oil and water units; in both two and three dimensions, 
zw=4. 

III. REFINED RESULTS IN TWO DIMENSIONS 

A. Free energies 

In this paper, a more refined estimate of the location of 
the multi phase envelope than that reported in the earlier 
paper for the 2D systems is obtained from larger and more 
numerous computer runs than those ofthe earlier paper; see 
Table I. Figure 4 shows the free energy, from both the new 
runs and the earlier runs, of a mixture of20% amphiphile as 
a function of oil concentration. For this plot the amphiphile, 
HITI contains one head unit and one tail unit. As shown in 
Table I, the more recent runs are 50 times longer than earlier 
runs, and consequently the error bars l8 ofthe new runs are 
about seven times smaller than those of the earlier runs. The 
greater precision of each new run and the greater number of 
oil concentrations sampled allow a more precise determina­
tion of the oil concentration at which the transition occurs 
between one and two phases at eqUilibrium, or between two 
and three phases, as discussed below. 

B. Phase behavior and Interfacial free energy 

Free energies and phase diagrams computed by Monte 
Carlo calculation are compared with the predictions of ana­
lytic lattice theories for weakly associating molecules. In the 
zeroth order theory, which is similar to the Flory-Huggins 
theory, the solution is assumed to be a random mixture of 
molecules. The numbers of hydrophilic-lyophilic, hydro­
philic-hydrophilic, and lyophilic-lyophilic interactions are 
then related to each other by 

(!XHL }/(XLL XHH ) = 1 . (2) 

In the first-order quasichemical theory, a given unit tends to 
attract units with which it interacts favorably; but this at­
traction is so weak that each pair of units is independent of 
neighboring pairs. In the quasichemical theory, 

This work 
w(3D) 20X20X20 
lattices lattices 

0.Q308 5000000 
0.0615 12500000 
0.0923 12500000 
0.1231 25000000 
0.1385 50000000 
0.1538 50000000 

155000000 

"In the new work reported here, each 2D run with 155 000 000 configurations required approximately 8 h of computer time on an Alliant FX 1 computer; 3D 
runs each took about 24 h. 
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Co 

FIG. 4. Free energyfvs oil concentration Co for 20% H,T, on 4OX4O and 
loox 100 lattices. The points with large error bars are "short runs" on 
40 X 40 lattices from Ref. 12. The dashed lines are error bounds for the re­
fined runs of this work. 

(3) 

we shall consider only the free energies of solutions with 
amphiphiles containing equal numbers of head and tail 
units. The phase diagrams of these systems are symmetric 
about an oil/water ratio of unity. At low or modest amphi­
phile concentration, there are two possible types of behavior. 
The first type, depicted in Fig. 3, contains a single binodal 
envelope. According to the zeroth- and first-order (quasi­
chemical) theories, the amphiphile HIT I exhibits this type 
of phase behavior. For this type of phase behavior, at a fixed 
amphiphile concentration, the free energy per unit site/ plot­
ted against oil concentration Co becomes independent of C 
inside the binodal envelope, if contributions from interfacial 
free energy are negligible. Figure 4, for example, shows con­
stancy of/ on the 40 X 40 lattice for Co> 0.25. Thus, for this 
first type of diagram, the location of the binodal envelope at a 
given amphiphile concentration can, in principle, be deter­
mined by finding the oil concentration at which /becomes 
independent of Co. The second type, shown in Fig. 5, con­
tains a three-phase triangle bounded on each side by a two­
phase region. For this type of diagram, /becomes indepen-

A 

F.IG. S. Zeroth-order. first-order (quasichemical). and Monte Carlo phase 
diagrams for H2 T 2 amphiphile on the square lattice. 

dent of Co only inside the three-phase triangle. Thus, for this 
latter type of diagram, the oil concentration at which /be­
comes independent of Co determines the transition between 
three and two coexistent phases, again assuming that interfa­
cial free energy is negligible. It is not possible, from plots of 
free energy vs oil concentration, such as Fig. 4, to distinguish 
between the two types of transition in the Monte Carlo simu­
lations. The zeroth- and first-order theories suggest, how­
ever, that all amphiphiles except HI T I have three phase co­
existence triangles. In any event, the locus of oil 
concentrations C ~ at which the phase transition occurs, 
plotted against amphiphile concentration on a ternary dia­
gram, defines a phase envelope, either a single binodal enve­
lope for the first type of diagram, or a three phase triangle for 
the second type. In either of the two cases, the envelope de­
termined in this way gives an estimate of the height of the 
multiphase region, and thus the solubilizing power of the 
amphiphile. 

For mixtures that contain no amphiphile, the interfacial 
free energy is not negligible, as is shown in Fig. 6. Here, the 
free energy as a function of oil concentration is minimum at 
~he tra~sition between one and two equilibrium phase. If 
lOterfaclal free energy were negligible,/would remain con­
stant as Co is increased beyond the point of phase separation, 
C~. The increase in/as Co increases beyond C~ ::::::0.03 ap­
parently comes from the growing contribution of interfacial 
f~ee energy as one progresses deeper into the two phase re­
gIon. The free energy per site that must be associated with 
the interface reaches a value somewhat higher than 0.02 di­
~ensio~less units. Fo~ the 2D systems with amphiphile, the 
lOterfaclal free energy IS too small to be discerned even by the 
refine~ Monte Carlo calculations of Fig. 4. Since the average 
error 10 the free energy for the refined calculations is about 
0.0002, we conclude that in 2D the amphiphile HI T in 20% 

. I 
concentratIon reduces the interfacial energy by a factor of 
100 or more below that of the binary oil/water mixture! 

Because of the greater refinement of the recent calcula­
tions, much smaller levels of departure of/ from constancy 
are detected than were detectable in the earlier calculations. 
The typical estimated error in the earlier free energy calcula­
tions for HITI is 0.0015; this is half the average height of the 
large error bars in Fig. 4. (The vertical coordinates of Fig. 4 

0.0 

-0.005 

f -0.010 

.t 
I 

2D 
CA = 0 

1st ORDER 

" 

/~~ 

A~ 

,.-t---l--'-----
/' INTERFACIAL 

.,'-' FREE ENERGY 
,,-

/ 

-0.025 ":-_-:-L-__ L-__ 1-__ 1-_--1l 

0.0 0.1 0.2 0.3 0.4 0.5 

Co 

FIG. 6. Monte Carlo and first-order (quasichemical) free energies on the 
40 X 40 lattice with no amphiphiJe. 
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-0.588=-------------------, 
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FIG. 7. Free energy vs oil concentration Co for 25% HITI on a 4OX40 
lattice. The dashed lines are error bounds. Note the absence of a region of 
constant/. indicating that this concentration of amphiphile lies above the 
multiphase envelope. 

are plotted on a highly expanded scale compared to that of 
comparable plots in Ref. 12.) In the refined calculations this 
error is reduced to 0.0002, and the height of the error band 
(shown by dashed lines) to 0.0004. Thus indication of a 
phase transition is now found at a higher value of Co than 
was possible in the presence of the larger errors of the earlier 
calculation. For each amphiphile studied here, at each am­
phiphile concentration C A' the refined calculations there­
fore show a higher value of C ~ than was found in the earlier 
simulations. Further refinement could presumably further 
increase Co. 

For each amphiphile, HITI, H2T2, and H4T4' plots of 
free energy vs oil concentration at several levels of amphi­
phile concentration were obtained. Figures 4 and 7-9 are 
representative examples. From each plot, C ~ was obtained; 
the multiphase envelopes, given by the locus of values of C ~ 
for each CA , are shown in Figs. 3, 5, and to. For each ofthe 
three amphiphiles, the refinement in calculation leads to a 
reduction in the estimated height of the multiphase envelope 
from the estimate based on the earlier calculations. Contrary 
to the indications from the earlier crude calculations of Ref. 
12, the height of the envelope decreases as the amphiphile 
length increases. 

-0.815.-------------------, 

-0.816 

-0.817 

f - 0.818 

-0.819 
• - -__e __ -_~ __ 

-0.820 • 
-~---~-----

- 0.821_L....--=~-___:~:____:=_=_=;:__-~;;_-~ 
0.15 0.20 0.25 0.30 0.35 0.40 

Co 

FIG. 8. Free energy Ivs oil concentration Co for 20% H2T2 on a 4OX40 
lattice. The dashed lines are error bounds. 

-0.918 

-0.920 
f -------- ------

• • 
-0.922 • •• • 

• • • • • • 
-0.924 

0.10 0.15 0.20 0.25 0.30 0.35 0.40 0.45 
Co 

FIG. 9. Free energy Ivs oil concentration Co for 15% H.T. on a 4OX40 
lattice. 

C. lattice size effect 

The refinement of the recent calculations also allows 
discernment of a lattice size effect not evident in the earlier 
calculations. Figure 4 shows that free energies of l00X 100 
systems are lower than those for 40 X 40 systems. The loca­
tion of C~ estimated from the l00X 100 lattice is perhaps 
slightly larger than that estimated for the 40 X 40 lattice. The 
smaller system, however, has the advantage that for a given 
total number of Monte Carlo steps, it will equilibrate more 
thoroughly than the larger system (because each unit on the 
smaller lattice has more opportunities to move). For the 
runs of 155 million steps, each unit on a 4OX4O lattice has 
100 000 chances to move. The phase diagrams shown in 
Figs. 3, 5, and 10 were all obtained from 40 X 40 lattices. 

IV. THREE DIMENSIONAL CALCULATIONS 

A. Phase behavior and Interfacial free energy 

The calculations of phase behavior in 3D were carried 
out on 20 X 20 X 20 lattices. As with the 2D systems, free 
energies were obtained by integrating the average energies 
obtained at a sequence of inverse temperatures w; the values 

A 

--~~--.-. ........... ---- .. ~-... ....... -... 
-- -.I"" Monte Carlo 

FIG. 10. Zeroth-order, first-order (quasichemical), and Monte Carlo 
phase diagrams for H4 T. amphiphile on the square lattice. 
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FIG. 11. Monte Carlo and first-order (quasichemical) free energies on the 
20 X 20 X 20 lattice with no amphiphile. 

of w used and the number of Monte Carlo attempts at each 
value ofw are given in Table I. Figure 11 showsfvs Co in the 
absence of amphiphile for the cubic lattice. As happens in 
2D, there is a significant contribution from interfacial free 
energy. Figure 12 shows that for 20% HIT l' the interfacial 
free energy is significant in 3D, whereas we noted that it is 
too small to be discerned in the 2D calculations. In 3D, HIT 1 

at a concentration of20% reduces the interfacial energy by a 
factor of about 8 below that of pure oil and water; in 2D the 
reduction is loo-fold or greater. At a concentration of 30% 
HI T 2 in 3D, the amphiphile reduces the interfacial free ener­
gy 4O-fold; see Fig. 13. 

Note in Figs. 12 and 13 that the free energies of 3D 
systems containing HITI depart only slightly (0.2% or less) 
from the quasichemical predictions in the single phase re­
gion. For the 20 systems, the departure is larger; the predic­
tions of the quasichemical theory, which are off-scale in 
Figs. 4 and 7-9, are approximately 2% higher (i.e., less neg­
ative) than the Monte Carlo predictions for HITI. For H4T4 
in 2D, the difference is roughly 7% in 2D and 2% in 3D. In 
30 the phase envelope for HIT 1 is close to the location pre­
dicted by quasichemical theory, Fig. 14. This imprOVed 
agreement with quasichemical theory is not surprising since 
both increased dimensionality and increased coordination 

-1.64 

-1.66 Vi!! order 
• •• • • • •• • 

•• •• •• 

-1.68 "------:-i----=-":::-----=':::__--:::" 
0.0 0.1 0.2 0.3 0.4 

Co 

FIG. 12. Free energy f vs oil concentration Co for 20% H]T] on the 
20 X 20 X 20 lattice. 

-2.435 ~.-----------------, 

-2.440 

-2.445 

f -2.450 

-2.455 \ 

" ~-~---...... --___ ... -.-- INTERFACIAL -2.460 f FREE ENERGY 

-2.465 =-_-'-__ -'-__ ..L-_---' __ -'-__ ...u 

0.0 0.05 0.10 0.15 
Co 

0.20 0.25 0.30 

FIG. 13. Free energy f vs oil concentration Co for 30% H]T] on the 
20 X 20 X 20 lattice. 

number generally improve the predictions of mean-field the­
ories, such as the quasichemical theory. In sum, in 3D at the 
inverse temperature w = 0.1538, the amphiphile HITI 
neither produces orders-of-magnitude reduction in interfa­
cial energy (except near the critical points) nor creates solu­
tion structure that is greatly different from the weak binary 
association assumed by the quasichemical theory. Thus in 
3D, HIT 1 acts more like an alcohol than a surfactant. 

The relatively long amphiphile H4 T 4 at a concentration 
of 20%, however, reduces the interfacial free energy below 
the threshold of measurability; see Fig. 15. Considering the 
estimated magnitude of the error in the calculation of free 
energy for this system, this represents a reduction of factor of 
12 or more in the interfacial free energy below that of the 
pure oil/water mixture. In addition, the free energies and 
phase behavior ofH4T4 depart significantly from the quasi­
chemical theory. 

Note in Fig. 15 that the typical error bar calculated for 
20% H4 T 4 in 3D is considerably larger than the scatter in the 
Monte Carlo free energies. As described in detail in Ref. 12, 
the error is calculated by comparing the energies averaged 
over the first half of the Monte Carlo run with energies aver­
aged over the second half. This method yields an accurate 

A 

FIG. 14. Phase diagrams for H]T] and H4T4 amphiphiles on the cubic lat­
tice compared with results for H] T] on the square lattice. 
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FIG. IS. Free energy f vs oil concentration Co for 20% H4T4 on the 
20 X 20 X 20 lattice. 

estimate of the error only if, after the start of the simulation, 
the system rapidly reaches a configuration typical of equilib­
rium and then fluctuates without systematic drift. For H4T4 
systems in 3D, however, we find that the energy averaged 
over the first half ofthe run is usually higher than that aver­
aged over the second half, showing that these averages are 
those of a system still drifting toward equilibrium. Our expe­
rience with short runs in 2D systems (such as those in Ref. 
12) lead us to believe that the phase envelope for H4T4 in 3D 
could be considerably lower than the estimate shown in Fig. 
14. 

B. Microstructure at high amphlphlle concentrations 

In the simulations, oil, water, and amphiphiles are ini­
tially randomly dispersed on the lattice, and the system is 
gradually "cooled" from infinite temperature, that is w = 0, 
to the temperature of interest, W = 4/z = 0.1538, as dis­
cussed in Sec. II. The effect oflattice size on microstructure 
is investigated by performing runs on lOX lOX 10, 
15X 15X 15, and 20X20X20 lattices, with the cooling re­
gime given in Table II. 

The compositions examined in this portion ofthe study 
are marked on the three-component triangle in Fig. 16. 
These compositions can be grouped in two progressions. In 
progression I, which runs down the center of the triangle, the 
amphiphile concentration is progressively lowered from 0.8 
to 0.5, holding the oil/water ratio fixed at unity. In progres­
sion II, which runs down the side of the triangle, the water 
concentration is held fixed at zero. In experimental mixtures 

A-B 

FIG. 16. Three component triangular composition diagram with volume 
fractions amphiphile(A-B), oil(A), and water(B). 

of diblock polymers, A-B, mixed with low molecular weight 
homopolymers A and B, progression I produces only lamel­
lar morphologies. Progression II produces transitions from 
lamellar morphologies at high concentrations of block poly­
mer to cylinders to spheres as the block polymer concentra­
tion is lowered, according to Hashimoto. 16 

Figure 17 (a) shows the locations of head units on a 
typical slice through a lOX lOX 10 cubic lattice, for the 
highest concentration of amphiphile in progression I. The 
slice is parallel to a face of the cube. The square bounded by 
dashed lines contains the simulated region; the rest of the 
figure is filled by periodic images. A lamellar structure is 
evident with a repeat spacing equal to ten lattice sites, which 
is the length of an edge of the lattice. Apparently, because 
this lamellar spacing is incommensurate with the edge of a 
15 X 15 X 15 lattice, the lamellae orient along the diagonal of 
the 15X 15X 15 lattice; see Fig. 17(b). On a 20X20X2C 
lattice, Fig. 17 (c), the lamellae orient at an angle intermedi­
ate to that of a parallel and a diagonal orientation. Concen­
trations of amphiphile as low as 50% in progression I were 
investigated; lamellar morphologies were always obtained. 

Figure 18 shows two slices through a 15 X 15 X 15 lattice 
with 80% amphiphile in progression II, that is, with no wa­
ter. Most of the slices have the morphology of Fig. 18(a), 
that is lamellae. However, in a thin slab of the cubic lattice, 

TABLE II. Number of configurations in runs at high amphiphile concentrations. 

w lOXIOxlOor ISxlSxlS 20X20X20 
lattices lattices 

0.0308 Soooooo 20000000 
O.06IS 12 SOOOOO SO 000 000 
0.0923 12500000 SO 000 000 
0.1231 25000000 100000000 
0.1385 50000000 200000000 
0.IS38 SO 000 000 200000000 
Total 155000000 620000000 
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FIG. 17. Typical slices through cubic lattices with 80% amphiphile, 10% oil, and 10% water. Only the head units are shown. (a) lOX lOX 10; 
(b)l5xI5xI5; (c) 20X20X20. 

the lamellae are ripped, as Fig. 18 (b) shows. When the am­
phiphile concentration is lowered to 70%, Fig. 19(a), most 
of the slices show the discrete patches of head groups. The 
patches on each slice are connected to each other, forming 
pillar-like or cylindrical structures that connect to a thin slab 
with lamellar morphology, depicted in Fig. 19(b). For am­
phiphile concentrations of 60% and 50%, the morphology is 
purely cylindrical, with no interleaving of lamellae. This 
progression is consistent with a phase diagram in which la­
mellae prevail above about 85% amphiphile, and cylinders 
below about 65%, with coexistence of cylindrical and lamel­
lar phases between about 65% and 85% amphiphile. For 
simulations with amphiphile concentrations of 40% and 
30%, the head groups cluster in globular or spherical mor­
phologies. Thus the progression, lamellae-+cylinders-+ 
spheres, observed in the block polymer system also appears 
in this model amphiphile system. 
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Combining the phase diagram obtained from simula­
tions at low amphiphile concentration with the lamellar 
morphology found in progression I and the suggestion of 
coexistence of first lamellae and cylinders and then cylinders 
and spheres along progression II, we construct an overall 
phase diagram, Fig. 20. This speculative diagram is perhaps 
the simplest one that agrees with the above tentative find­
ings, and is symmetric about an oiVwater ratio of unity. The 
development of more powerful computers should make pos­
sible the refinement or correction ofthe suggested phase dia­
gram. 

V. CONCLUDING REMARKS 

Our Monte Carlo lattice model shows that computer 
power is reaching the level necessary to investigate by simu­
lation the influence of simple molecular properties, such as 
length of head and tail groups and the strength of nearest-
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FIG. 18. Slices through a 15x 15x 15 lattice with 80% amphiphile, 20% oil, and 0% water. Most of the slices have the morphology of (a). 
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FIG. 19. Slices through a 15X 15X 15 lattice with 70% amphiphile, 30% oil, and 0% water. Most of the slices have the morphology of (a). 

neighbor interactions, on the three-dimensional equilibrium 
microstructure and phase behavior of surfactant systems. 
The lattice model is rudimentary, but contains the essential 
ingredients: the ampbiphile can be made long enough and 
the interactions made strong enough to force microsepara­
tion of hydrophilic and lipophilic moieties. Thus the longest 
amphiphile considered here produces substantial solubiliza­
tion (even in three dimensions) low interfacial tensions, and 
lamellar, cylindrical, and spherical microstructures. In a fu­
ture communication, we shall report the appearance of peri­
odic bicontinuous structures in systems for which the heads 
and tails are of unequal length. Most importantly, these mi­
crostructures self-assemble, and thos we show the feasibility 
of calculating the true equilibrium microstructure without 
restricting in advance the allowed possibilities. Though the 
molecular architectures (of surfactant, oil, and water) and 
the intermolecular interactions assumed in the model are 

FIG. 20 Speculated form of phase diagram for ~ T 4 on the cubic lattice. 

clearly too simple to describe real surfactant systems in any 
detail, the richness of the observed bahavior will make these 
kinds of simulations interesting ones with which to test ana­
lytic theories. After all, if analytic theories of surfactant mi­
crostructure and phase behavior are to address the complex­
ities of real systems, they ought a fortiori to be able to handle 
the much simpler (but still rich) behavior of the lattice mod­
el presented here. 
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