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Two terminal thermoelectrics
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Charge current:

Iel =
e

h

∫
dET (E)[fl(E)− fl̄(E)]

Heat current:

Ihl =
1

h

∫
dE(E − EF)T (E)[fl(E)− fl̄(E)]

fl(E) =
[
1 + e(E−eVl)/kBTl

]−1

U. Sivan and Y. Imry, Phys. Rev. B 33, 551 (1986)



Seebeck effect
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Peltier effect
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Onsager reciprocity relations
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Three terminal thermoelectrics

Heat source

V

Energy harvesting demands three terminal devices

Separation of heat and charge currents



Three terminal thermoelectrics
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R. Sánchez and M. Büttiker, Phys. Rev. B 83, 085428 (2011)
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B. Sothmann, R. Sánchez, A. N. Jordan, M. Büttiker,
Phys. Rev. B 85, 205301 (2012)

Verified experimentally!
B. Roche et al., Nat. Comm. 6, 6738 (2015)
F. Hartmann et al., Phys. Rev. Lett. 11, 146805 (2015)

withstanding the relative smallness, often, of the inelastic
corrections to the thermoelectric transport, their study is still
of interest because of fundamental questions related to the
symmetries of the conventional transport coefficients, and
since they give rise to additional coefficients connecting the
heat transport in between the electrons and the phonons.

Here we study the heat and charge transport in a small
mesoscopic !or nanometric" system depicted schematically
in Fig. 1: a molecule attached to two electronic !no phonons"
reservoirs, held in general at different temperatures, TL,R, and
at different chemical potentials, !L,R. We distinguish be-
tween two !extreme" situations. In the first, the molecule is
“floating” and is attached solely to the leads; then the vibra-
tion population is determined by the transport electrons
alone. In that case, the system is a two-terminal junction. In
the second case, the molecule is coupled to its own !typically
a phonon" heat bath which is kept at the temperature TP,
making the system a three-terminal one. It is then assumed
implicitly that the coupling of the molecule to that heat bath
largely exceeds its coupling to the transport electrons. The
latter is determined by our small parameter, the coupling
between the molecule vibrations and the transport electrons,
". Thus, we assume that the relaxation time due to the cou-
pling to the heat bath, #P, is short on the scale $2 / !"2%0" #see
Eq. !A18" in the Appendix$, $ being the level width on the
molecule, due to the coupling with the leads and %0 is the
frequency of the vibrations. & /#P may still be very small on
all other physical scales, such as &%0 and $. The phonon
bath may be realized simply by an electronically insulating
hard substrate !assuming that the large Kapitsa-type phonon
thermal resistance between the lead and the sample is large
enough to sufficiently reduce the thermal contact of the mol-
ecule to the substrate via the leads", or a piece of such ma-
terial touching the junction, each of those held at a tempera-
ture TP. A vacuum gap between the two separate substrates
for the two leads would be ideal. However, with present
fabrication technology, this appears possible for a quantum
dot but not for a small molecule.

The consideration of the entropy production of such a
three-terminal system is quite illuminating. Using the ther-
modynamic identity TdS=dE−!dN,33 one finds that the dis-
sipation at the left !right" reservoir leads to

ṠL!R" =
1

TL!R"
!ĖL!R" − !L!R"ṄL!R"" . !1"

Here, −ĖL!R" is energy current emerging from the left !right"
reservoir while −ṄL!R" is the particle current leaving the left
!right" reservoir. Adding to Eq. !1" the entropy production of
the phonon heat bath, ṠP= ĖP /TP, where −ĖP is the energy
current leaving that bath, yields the total dissipation of the
system,

ṠP + ṠL + ṠR =
ĖP

TP
+

1
TL

!ĖL − !LṄL" +
1

TR
!ĖR − !RṄR" .

!2"

Charge conservation implies that

ṄL + ṄR = 0 !3"

while energy conservation requires

ĖL + ĖR + ĖP = 0. !4"

In the linear-response regime all three temperatures !see Fig.
1" are only slightly different,

TL!R" = T '
(T

2
,

TP = T + (TP, !5"

and the chemical potentials differ by a small amount,

!L!R" = ! '
(!

2
. !6"

Expanding Eq. !2" and using Eqs. !3" and !4" yields

ṠP + ṠL + ṠR =
(TP

T2 !− ĖP" +
(!/e

T
I +

(T

T2 IQ, !7"

where I is the net charge current flowing from the left reser-
voir to the right one,

I = −
e

2
!ṄL − ṄR" !8"

while IQ is the net heat current carried by the electrons,

IQ = IE − !!/e"I with IE = −
1
2

!ĖL − ĖR" . !9"

Finally, the heat current flowing from the phonon bath to the
quantum system is simply given from the condition of en-
ergy conservation,

− ĖP = ĖL + ĖR. !10"

Thus, the entropy production of our three-terminal system is
a simple example of the general expressions for linear trans-
port, consistent with the Onsager theory.34

Since our molecular bridge is not necessarily at equilib-
rium within the transport process, it exchanges energy with
the phonons of the phonon reservoir by going up/down in the

Tp

TL

ΜL

TR

ΜR

FIG. 1. !Color online" A three-terminal system, modeled by a
resonant level attached to two electronic reservoirs, having different
chemical potentials and temperatures !L,R and TL,R, respectively.
An electron residing on the level interacts with its vibrational
modes. The population of these phonons can be determined by the
transport electrons !a “floating molecule”" or by a coupling to a
phonon source kept at temperature TP.
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(Classical) Hall effect

VH

⊗ B

− − − − − − − − −

+ + + + + + + + +

F = e(
−→
E +−→v ×

−→
B )

VH = −αBI

Transverse resistance increases linearly with the magnetic field



Quantum Hall effect.
K. von Klitzing

MAGNETI C FI ELD ( T)

Fig. 14. Experimental curves for the Hall  resistance R H = exY and the resistivity exx-R, of a
heterostructure as a function of the magnetic field at a fixed carrier density corresponding to a gate
voltage Vg, = 0V. The temperature is about 8mK.

This analysis is based on the equation

( 19)

The combination of the different methods for the determination of the DOS
leads to a result as shown in Fig. (20). Similar results are obtained from other

experiments, too [33, 34] but no theoretical explanation is available.
If one assumes that only the occupation of extended states influences the

Hall effect, than the slope dg,,/dn,  in the plateau region should be dominated

RH =
h

Ne2

K. von Klitzing, G. Dorda, M. Pepper, Phys. Rev. Lett. 45, 494 (1980)
K. von Klitzing, Nobel lecture (1985)



Quantum Hall effect

VH
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4

B

I
e
l =

e2

h
(Vl − Vl−1)

1,3 are voltage probes

V1 = V4

V3 = V2

Charge conservation:

I2 + I4 = 0

I4 =
e2

h
(V1 − V3)

VH = V1 − V3 =
h

e2
I

Propagation without backscattering along edge states

B. I. Halperin, Phys. Rev. B 25, 2185 (1982)

M. Büttiker, Phys. Rev. B 38, 9375 (1988)



Back to three terminals
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Scattering theory. Linear regime. No magnetic field

Terminal 3 is a probe: Ie3 = 0.

Assume T3(E) = 1.

Gl =
e2

2h

∫
dE Tl(E) (−∂Ef)

Sl =
e

hTGl

∫
dEE Tl(E) (−∂Ef)
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T1(E) T2(E)

T3(E)

(
Ie

Ihj

)
=

1

kBT

(
kBTG LeT1i

LhVj1 LhTji

)(
e(V1−V2)

∆Ti/T

)

G =

(
1

G1

+
1

G2

)−1

Onsager relates Seebeck and Peltier coefficients:

LeTij = eLhVji



Scattering theory. Linear regime. No magnetic field

Terminal 3 is a probe: Ie3 = 0.

Assume T3(E) = 1.
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Energy harvesting:

LeT13 = kBT
2G(S2 − S1)

Energy harvesting if we break:

◦ Left-right symmetry

◦ Particle-hole symmetry



Scattering theory. Linear regime. No magnetic field

Terminal 3 is a probe: Ie3 = 0.

Assume T3(E) = 1.
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Energy harvesting:
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No thermal rectification:

LhT12 = LhT21



Edge states in the Quantum Hall regime

Terminal 3 is a probe: Ie3 = 0.

Assume T3(E) = 1.

Gl =
e2

2h

∫
dE Tl(E) (−∂Ef)

Sl =
e

hTGl

∫
dEE Tl(E) (−∂Ef)
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(
1
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+
1

G2

)−1

Λ =1− J1/(G1+G2)

Jn =
e2

hkBT

∫
dEE

n−1T1(E)T2(E) (−∂Ef) ,

Energy harvesting:

LeT13 = kBT
2G(S2 − S1) + eX1

Xl =
kBT

e2

GGl
G1G2

(eTSlJ1 − J2)

Current in symmetric configurations!



Chiral (crossed) thermopower

⊗

S2 = 0

X1 = 0

}
⇒ LeT13 (B) = ekBT

2G1S1

⊗

S1 = 0

X1 = −ekBT
2G2S2

}
⇒ LeT13 (B) = 0

⊙

S2 = 0

X2 = −ekBT
2G1S1

}
⇒ LeT13 (−B) = 0

⊙

S1 = 0

X2 = 0

}
⇒ LeT13 (−B) = ekBT

2G2S2



Topological insulator

Spin polarized current controlled by the gates



Quantum point contacts
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Quantum point contacts. Onsager matrix
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Crossed thermoelectrics
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Crossed thermoelectrics

Extreme Seebeck to Peltier asymmetry!

LeT13 (B) = ekBT
2G1S1

⊗

LhV31 (B) = LeT13 (−B) = 0

⊙

LeT13 (B)

LhV31 (B)
=∞

Crossed response for symmetric configurations: LeT13 = eX1
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R. Sánchez, B. Sothmann, A.N. Jordan, Phys. Rev. Lett. 114, 146801 (2015)



Efficiency at maximum power: ηmaxP,l
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Heat rectification
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Thermal rectification. Turning heat around the bend

Rij =
LhTij
LhTji

Rij = 1: No thermal rectification

| lnRij | � 1: Thermal diode
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Quantum Nernst engines

V

Tc

Th

B

Inject only heat. Measure only charge.



Quantum Nernst engines
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Boundary conditions:
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Classical Nernst engine: ηmaxP ≤ ηc/6

J. Stark, K. Brander, U. Seifert, Phys. Rev. Lett. 112, 140601 (2014)

B. Sothmann, R. Sánchez, A.N. Jordan, Europhys. Lett. 107, 47003 (2014)



Conclusions

◦ Chirality detected by thermoelectric measurements

◦ Three terminal junctions separate heat and charge flows

◦ Edge states permit the manipulation of heat currents

◦ Extreme asymmetries of Onsager matrix

◦ Powerful and efficient energy harvesting in the crossed response

◦ Ideal thermal diodes in the longitudinal terms

◦ Gate control of spin polarization in topological insulators

◦ Heat engine based on the (quantum Hall) Nernst effect outperforms its classical

version

B. Sothmann, R. Sánchez, A.N. Jordan, Europhys. Lett. 107, 47003 (2014)

R. Sánchez, B. Sothmann, A.N. Jordan, Phys. Rev. Lett. 114, 146801 (2015)

R. Sánchez, B. Sothmann, A.N. Jordan, arXiv:1503:02926
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