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Motivation and model:

* Contribute to the development of a general
framework for assessing non equilibrium
thermodynamics in fully quantum settings.

Characterization of the Second Law in open
quantum systems for arbitrary systems and
reservoirs (not necessarily in equilibrium).

Initial state: PSR = PS & PR * Hamiltonian: Htot(>\t) = Hg+ Hr + H;

Unitary evolution: Ut o [A] possibly driven with protocol A = {\;}

Final state: IOZS‘R = Ut70(,05 29 ,OR)U,IO * Local final states: pig — TIR[IO{S’R]
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Motivation and model:
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* Contribute to the development of a general
framework for assessing non equilibrium
thermodynamics in fully quantum settings.

* Characterization of the Second Law in open
quantum systems for arbitrary systems and
reservoirs (not necessarily in equilibrium).

* Initial state: PSR — PS @ PR * Hamiltonian: Htot(>\t) = Hg+ Hr + H;

* Unitary evolution: U t,o[A] possibly driven with protocol A = {\;}

* Final state: IOZS‘R = Ut70(,05 29 ,OR)U,IO * Local final states: piS‘ — TIR[IO{S’R]

von Neumman entropy conservation: AS 4+ ASp — [ ( S R ) ol = 0
SR
Quantum Mutual Information / / / p p
(Total amount of correlations) I(S R >Png — S(pSRHIOS ® IOR) >0
D. Reeb and M. M. Wolf, New J. Phys. 16, 103011 (2014) M.H. Partovi, Phys. Lett. A 137, 440 (1989)

D. Jennyngs and T. Rudolph, Phys. Rev. E 81, 061130 (2010) M.H. Partovi, Phys. Rev. E 77, 021110 (2008)
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Mutual Information as the total Entropy Production:

Entropy production: Positive change in entropy during the evolution of some
system due to irreversible processes occurring at their core

Take a local point of view:

Split local entropy changes:

Partial tracing < Irreversibility
AS = A;S |[+|AS

System and reservoir as open quantum systems
AcS
ASr =|A\;Sr|+|A:SR
. N RedSk

Positive, Positive or Negative, Total svstem is closed:
Entropy Production Entropy Exchange otal system 18 closed:

A.S+ASp =0

AiS—FAiSR:A?;StOt:AS—I—ASR:I(S/ZR/)p/ >0

SR —
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Mutual Information as the total Entropy Production:

Entropy production: Positive change in entropy during the evolution of some
system due to irreversible processes occurring at their core

Take a local point of view: Partial tracing < Irreversibility

System and reservoir as open quantum systems

If reservoir remains in equilibrium at some 3

A.S

= —Tr[Hgr(pr — pr)] ASr

AN;Sior = NS = AS — > Total system is closed:
Stot S S—6Q >0 AN

AiS—FAiSR:A?;StOt:AS—I—ASR:I(S/ZR/)p/ >0

SR —
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Operational interpretation: We have not access to the global state of the
system to perform thermodynamic tasks, e.g. isothermal work extraction, but
only to the local states of system and reservoir.

Example: isothermal work

Moreover we can relate the mutual information with the isothermal work
* Assume some external relevant temperature T

* Non-equilibrium free energy of the global system:

f(HtotaPSR) = <Htot>p3R — kTS(PSR)

Calculate AF between initial and final (product) states:

KTI(S :R), =W —AF>0 Wiies > 0 work lost from the
Psr

local perspective

where W work from driving (+ work to switch off the interaction)

seneca.fis.ucm.es
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Fluctuation theorems : Two-points measurement scheme

T m
ps & P Ps
Ut.o /
PR — R — > — PR

* Initial states: pPs = ZPan PR = Z q, Q. Measurements in
mn 14

the diagonal basis
of reduced states

* Final states: plg = prmﬂﬁn Pr = Z QLQL
m 7
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Fluctuation theorems : Two-points measurement scheme

T m™m
ps & P Ps
Ut.o /
PR — K> — > — PR

* Initial states: pPs = ZPan PR = Z q, Q. Measurements in
mn

the diagonal basis
of reduced states

* Final states: pg = prmH;n PR = Z C]LQL
m p

Probability of a “trajectory”:
Pm,u,n,l/ = Pnqy X Pm,,u|n,1/ Pm,u|n,l/ — Tr[(H;n ® Q;)Ut,o(ﬂn ® QV)UtT,O]

.es seneca.fis.ucm.es
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Stochastic entropy changes: Stochastic entropy production:
ASm,,n — lnp;n + lnpn (System) Im,,u,n,l/ — Asm,n + Asiy
Asfiy = —In q; +Ingq, (reservoir) (I ymw) =105 : R’)p/SR

Uib-csic.es seneca.fis.ucm.es
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Stochastic entropy changes: Stochastic entropy production:
Aspn = —Inp), +Inp, (system) Impny = Dsmn + As)]
ASiV = —In q,’L +1Ingq, (reservoir) (I ymw) =105 : R’)p/SR

PDF entropy production: P(I) = Z Z Py X0 — L yiny)

w,v mmn

Characteristic function:

G(u) = / AIP(D)e™™ = (&%) = Te[V' ()Uro(ps @ pr)V (U} ]

V' (u) = et In(ps@pp)u Vu) = e In(ps@pr)u
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Stochastic entropy changes: Stochastic entropy production:
ASpmn = —Inpp, +Inp, (system) Iy = ASmp + Asﬁv
ASS’,,, = —In q,’L +Ingq, (reservoir) (I ymw) =105 : R’)%R

PDF entropy production: P(I) = Z Z Py X0 — L yiny)

w,v mmn

Characteristic function:

G(u) = /dIP(I)e”“ = (") = Tr[V'(u) Ui o(ps ® pR)V(u)UZO]
V' (u) = et In(ps®pg)u Viu) = et In(ps®pr)u

Integral Fluctuation Theorem:

seneca.fis.ucm.es
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Backward (time-reversed) process:

Time-reversal anti-unitary operator:

OO =00 =1

m n
ps —P i S Ps
) Ut o 3
PR —R" A — PR

e Initial states: Ps = @Pig@T PR = @P%@T

« Operational time-reversal evolution: U; o from: © Hiot(M)OT A= {)\}

seneca.fis.ucm.es
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Time-reversal anti-unitary operator:

00T =070 =1
Backward (time-reversed) process:
I, = @H;n@T\ m n_ I, = e11,,e!
ps —7F 3 O O
) Ut o
PR — &> T — Pk

e Initial states: Ps = @Pig@T PR = @P%@T

« Operational time-reversal evolution: U; o from: © Hiot(M)OT A= {)\}

* Final states: p/, # BOpgsOT Pr # OprO!
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Time-reversal anti-unitary operator:

00’ =0%e =1
Backward (time-reversed) process:
I, = @H;n@T\ m n_ I, = e11,,e!
Ps —P— _ O Ps
) Ut o
PR —RD T — Pr

e Initial states: Ps = @,Oig@T PR = @P%@T

« Operational time-reversal evolution: U; o from: © Hiot(M)OT A= {)\}

* Final states: p/, # BOpgsOT Pr # OprO!

~

PnaVaan — p;nq,; X Pn,l/|m,,u, Pn,l/|m,u — Tr[(ﬁ;z ® Q;/)ﬁt,o(ﬂm ® Qﬂ)ﬁiO]
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Micro-reversibility for non-autonomous systems:

@T 0 O — UT D. Andrieux and P. Gaspard, Phys. Rev. Lett. 100, 230404 (2008).
t,0 — Y0 M. Campisi, P. Hanggi, P. Talkner, Rev. Mod. Phys. 83, 771 (2011).

implies that: Pm,,u|n,1/ — Pm,,u|n,1/
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Micro-reversibility for non-autonomous systems:

@T 0 O — UT D. Andrieux and P. Gaspard, Phys. Rev. Lett. 100, 230404 (2008).
t,0 — Y0 M. Campisi, P. Hanggi, P. Talkner, Rev. Mod. Phys. 83, 771 (2011).

implies that: Pm,,u|n,1/ — Pm,,u|n,1/

Detailed Fluctuation Theorem:

P, v
In Ry 1y an + In an — Asm,n + Asfiy — Im,,u,n,l/

N,V L Dm dm
P ji,n,v probability of jump: pn,l/,m, 1, probability of inverse jump:
R ~
n) @ 1) = m)’ @ ) 6lm) © Olu)’ 2 6ln) © O|v)
Prvomu = Pmpne X e mapny

seneca.fis.ucm.es



(T
\\ UNIVERSIDAD Fluctuation Theorems & Mutual Information
IFISC s MADRID

Quantum maps and operations:

We can rewrite previous results in terms of quantum operations:

pls =E(ps) =Y  MipsM] with » MM, =1
M, = \/q, <,U’/Ut,0’V> k = {u,v} transition between reservoir eigenstates
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Quantum maps and operations:

We can rewrite previous results in terms of quantum operations:

pls =E(ps) =Y  MipsM] with » MM, =1
k k
M, = \/q, </L’/Ut70’V> k = {u,v} transition between reservoir eigenstates

Backward map:

~ 5~ ~ : Tty
s =E(ps) =Y  MupsM] with MMy =1
L k
~ T en ) o inverse transition between inverted
My = \/ q/{L<V’Uta0"u> k= {,u, V} reservoir eigenstates
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Quantum maps and operations:

We can rewrite previous results in terms of quantum operations:

pls =E(ps) =Y  MipsM] with » MM, =1
k k
M, = \/q, </L’/Ut7Q’V> k = {u,v} transition between reservoir eigenstates

Backward map:

~ 5~ ~ : Tty
s =E(ps) =Y  MupsM] with MMy =1
L k
~ T en ) o inverse transition between inverted
My = \V q/{L<V’Uta0"u> k= {,u, V} reservoir eigenstates

Trajectories: R
Im,k,n — Asm,n + Ask
Pm,k,n = Pn X Pm, k|n

~ 3 . i ey eqe L —AskR st
Pk = By X Bkl Micro-reversibility = M, = e ©'M,6

.es seneca.fis.ucm.es
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Extensions:

* Multiples reservoirs:

Nrgr
AiStot =AS+ Y ASp=I(S":Rj:..: Ry, )y >0
R=1

Nr
R _
I, = Aspyp + E Asiyoun Y =AM, 1,y UNps Ty V1, ooy UNR
R=1

Uib-csic.es seneca.fis.ucm.es
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Extensions:

* Multiples reservoirs:

Nrgr
AiSiot =AS+ Y ASp=I(S:Rj:...: Ry, )y >0
R=1
Ngr
I, = Aspn+ Z ASSRJ/R Y =AM, 1,y UNps Ty V1, ooy UNR
R=1
* Concatenation of maps:
ps =D eW(ps)  EDp) =Y MIpMIT o1z

k-

VA
I — As Z Ash — Im. ko kin equivalent to the reservoir
K mn + ‘ o Y =1m.kz, .. k1,0 being measured many times
z=

applications to Markovian Master Equations: S =S+ Si > 0

.es seneca.fis.ucm.es
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Decomposition of the total Entropy Production:

M. Esposito and C. Van der Broeck,
A;Stot = ANjSaq + AN;Spa > 0 Phys. Rev. Lett. 104, 090601 (2010)

"

irreversibility from non-eq.
external constrains

irreversible changes in PS
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Decomposition of the total Entropy Production:

M. Esposito and C. Van der Broeck,
A;Stot = ANjSaq + AN;Spa > 0 Phys. Rev. Lett. 104, 090601 (2010)

"

irreversibility from non-eq.
external constrains

irreversible changes in PS

Ad

* Positive-definite invariant state: &(7m) =

Non-eq thermodynamic potential: ¢i=—Inm;, &=—Inw

* Kraus operators associated to only one thermodynamic potential change:

with m =0 | ~1 —Ad
TMm— " =e kM
My, = Z m |7T9 il whenever Ad)k # O — & ML T R
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Decomposition of the total Entropy Production:

M. Esposito and C. Van der Broeck,
A;Stot = ANjSaq + AN;Spa > 0 Phys. Rev. Lett. 104, 090601 (2010)

"

irreversibility from non-eq.
external constrains

irreversible changes in PS

Ad

* Positive-definite invariant state: &(7m) =

Non-eq thermodynamic potential: ¢i=—Inm;, &=—Inw

* Kraus operators associated to only one thermodynamic potential change:

with m =0 | ~1 —Ad
TMm— " =e kM
My, = Z m |7T9 il whenever Ad)k # O — & ML T R

Under the above conditions FT's follow:
N;Spa = Asm,n + Aoy <e_AiSna> — 1]

AiSaq = Asyt — Ay, (e™Risad) = ]

2S seneca.fis.ucm.es
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Decomposition of the total Entropy Production:

M. Esposito and C. Van der Broeck,
A;Stot = ANjSaq + AN;Spa > 0 Phys. Rev. Lett. 104, 090601 (2010)
/

"

irreversibility from non-eq.
external constrains

irreversible changes in PS

Ad

* Positive-definite invariant state: &(7m) =

Non-eq thermodynamic potential: ¢i=—Inm;, &=—Inw

* Kraus operators associated to only one thermodynamic potential change:

w1thm =0 - __1_ _—A_ o

| — Pk
My, = Z m |7T3 il Whenever Aoy # ¢j — @i _W]\{kﬂ_ -° ]%k ]
Under the above conditions FTs follow: A® = Trg[(pls — ps)®)
A;iSna = A n + Ay <e_AiSna> =1 A;jSpa = AS +AD >0
Aisad — ASkR — A¢k <€_Aisad> =1 AiSad — ASR — AD >0

seneca.fis.ucm.es
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Simple example:

Qn \ E /QC

ASr,, = —BrQH ASgr, = —BcQc

* Two reservoirs in equilibrium at
hot and cold temperatures

* Weak coupling and no driving:

Htot:HS+HR+H[:Cte

* System with single energy level
spacing, e.g. harmonic oscillator,
relaxes to a steady state:

T — B_BeffHS/Zeﬂ,

Firstlaw: AU = Qg + Q¢
Second law:  A;Sior = I(S": R’)p/SR =AS — BaQr — BcQc >0

h-csic.es seneca.fis.ucm.es
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Simple example:

Qn \ E /QC

ASr,, = —BrQH ASgr, = —BcQc

* Two reservoirs in equilibrium at
hot and cold temperatures

* Weak coupling and no driving:

Htot:HS+HR+H[:Cte

* System with single energy level
spacing, e.g. harmonic oscillator,
relaxes to a steady state:

T — 6—5eﬂ-‘Hs/Zeff

Firstlaw: AU = Qg + Q¢
Second law:  A;Sior = I(S": R’)p/SR =AS — BaQr — BcQc >0

Decomposition:  AjSna = AS — Beg(Qu + Qc) >0
AP = g AU A;Saq = (Best — Br)Qu + (Bett — Bc)Qc = 0

h-csic.es seneca.fis.ucm.es
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Simple example:

Qn \ E /Qc

ASr,, = —BrQH ASgr, = —BcQc

* Two reservoirs in equilibrium at
hot and cold temperatures

* Weak coupling and no driving:

Htot:HS+HR+H[:Cte

* System with single energy level
spacing, e.g. harmonic oscillator,
relaxes to a steady state:

Firstlaw: AU =Qpg + Q¢
Second law:  A;Sior = I(S": R’)p/SR = AS —BgQn — BcQc >0

Decomposition:  AjSna = AS — Beg(Qu + Qc) >0
AD = /BGHAU AiSad — (ﬁeff — 5H)QH =+ (5eff — BC)QC >0

Startinginthe AS =0

steady state: AU =0 Aidna =0 A;Stot = AiSad = (B — Bu)Q >0

-csic.es seneca.fis.ucm.es
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Main conclusions:

* Irreversibility in open quantum systems, measured by the
total entropy production is given by the mutual information
ervoir during evolution.

atropy production in
t of equilibrium

y0 positive
or a broad
s?
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Main conclusions:

* Irreversibility in open quantum systems, measured by the
total entropy production is given by the mutual information
ervoir during evolution.

atropy production in
t of equilibrium

y0 positive
or a broad
s?
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