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Motivation

The goal of the work 1s the study of plausible mechanisms of appearance of

power-law distributions, such as Pareto’s power law of income distribution and
Zipt law for the rate of occurrence of words.

Heterogeneity 1s known in general to be a main feature of complex systems

and be responsible the emergence of some collective counterintuitive behaviors
such as diversity-induced resonance.

Here 1t 1s shown that heterogeneity in the number of degrees of freedom of

the units composing a complex system may lead distributions with power laws.

Known mechanisms leading to power law distributions are
Avalanche processes, e.g. in Self Organized Criticality
Multiplicative stochastic process

Non-extensive thermodynamics/entropy (C. Tsallis, J.Stat.Phys. 52, 479 (1988);
E.ML.F. Curado and C. Tsallis, J.Phys.A 24, L69 (1991))
Generalized Gibbs distribution (R.A. Treumann and C.H. Jaroschek, Phys. Rev.

Lett. 100, 155005 (2008))

Superstatistics (C. Beck, Physica A 365, 96 (2006)).



Outline

(homogeneous) Kinetic Exchange Models can appear in

e Kinetic theory in D dimensions

e Study of diffusion in a network
« Kinetic Wealth Exchange Models

with an identical formulation.
In their heterogeneous versions, they can reproduce power laws, e.g.
 Power law in load distribution of scale-free networks

o Zipf's law from the Random walk in the semantic network
e Pareto's Law from heterogeneous Kinetic Wealth Exchange Models



1. Kinetic Theory in D dimensions

It the initial particles momenta are p.and p,

introduce the momentum transfer

!

Ap=p'=p = p-p,

l l

and the angles oc and o respect to the initial

momenta p_and P, respectively.




Using energy and momentum conservation, one obtains for the kinetic
energies x = %2 (p.)* and x= Y2 ( P, )* of particles i and j

J

.= X, (0. X. — W.X.
X X, T WX, W, X;

where the W's coefficients are related to the cosines squared,

X, = X, T WX, T WX,

0 < @ = (coset,)’ < 1

0 <

g
|

2
; (cosax;)” < 1

In D dimensions it can be shown that assuming initial random directions,
@) = <(cos o<)2> = 1/D
For the equipartition theorem,

x;) = Dk,TI2 ~ D



2. Random Walk across a network

I Consider N walkers moving across a network.
SIS Y, A generic node i has k links and x(7) walkers at time .
R i * K The update rules for the flow between nodes i and j, assuming
fle " W homogeneous diffusion, is
x,(t+1) = x,(t) — @w,x,(t) + @, x,(1)
x;(t+V) = x,(¢) + @;x,(t) — @, x,(1)

k kf
/\\ i N
X X

k= degree of node i

X (1) =/mumber of walkers at node i



Here the W's are random coefficients in the range
O <, <1
O < w, <\
The average values are

@, = \/k,

l l

@)

1/k,

It can be shown that in the stationary state

<xi> ~ k.

l



3. Kinetic wealth exchange model with saving propensity (*)

Definition of the model

e N agents interacting randomly 1n pairs, characterized by the saving parameters
(A, A, ..., )xN) with 0 <A < 1.

» The state of the system 1s specified through the agent wealths (x, x,, ..., x ).

e At each time step ¢ two agents i and j are extracted randomly and exchange
wealth according to

x;" = Ax;, + €,(V-A)x; + (1-A))x,
x;" = Ax;, + (1—€)(1-4)x; + (1—¢,)(1-A))x,

J

(*) J. Angle, Social Forces 65, 293 (1986),
A. Chakraborti and B.K. Chakrabarti, Eur. Phys. J. B 17, 167 (2000).



Here € and € are uniform random numbers 1n (0,1), independent or possibly the

same random number, depending on the model.

The update rule can be rewritten as

In a heterogeneous model the average value 1s <xi> ~ 1/(1-A))



Model system of a perfect gas with heterogeneous dimensions

The model system can represent a perfect gas with heterogeneous dimensions (each
particle lives in a space with a different dimension) or a heterogeneous mixture of
polymers, each polymer having a different number of degree of freedoms.

The heterogeneity is described by the : V
probability P(n) that a sub-system has a certain o
number D = 2 n of degrees of freedom. O %

O .:

For a fixed n, the equilibrium probability @ O

density of a D-dimensional harmonic oscillator
1s the gamma-distribution of order n,

oo
— .Bn xn—le—ﬁx

Then, for a general P(n), the equilibrium distribution is the aggregate density,

O

f(-x)=f?o an(n)ﬁyn(Bx)sz dnp(n> Fl?nn) xne—ﬁx

This can be obtained by varying the Boltzmann entropy of the heterogeneous system.




Variational principle for heterogeneous dimensions

Given the dimension density P(n), ‘\<n<oo ,
one can define the entropy functional as follows.

g ()

Entropy Functional S|f]

—I—un—l—Bx]\

= an fdxf

XS:}

Constraints on probability conservation [ f |= : dx f (x)=

—f an(n)f:)o dxx f (x)=

J

(Single) constraint on energy conservation X, | f |
.

By variation of S, one obtains the aggregate density, 1.e. the probability density
to obtain a certain value x of the energy, independently of the corresponding

number 2n of degrees of freedom,

= dnP(n)By, (B)=[ dnPn) s e




Result for the aggregate distribution

The aggregate density can be rewritten as
f(x) = [ dnP(n)By,(Bx) = Bexp(~Bx) [ dmexp(~g(m))

where m = n — 1. The integrand function has a maximum at Bx ~ 1.
Then using the Stirling approximation, one can write

d(m) = —In[P(m + 1)| — mIn(Bx) + In(~/27)
+ (m + %) In(m) — m,
Using the saddle-point approximation, f(x) = Bexp|—pBx — d(mg)]

X erm deexpl— " (my)e* /2]

— 0

27
- ﬁ\/d)”(z.'*{}) exp[ —Bx — ¢(my)]

The asymptotic resultis | f(x > B~1) = f,(x) = BP(1 + Bx).




Dimensional decomposition of the aggregate distribution f(x) =2 f (x)
ﬂ
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Aggregate distribution of dimensionally heterogeneous systems

Gas in D dimensions. For a given dimension D,
the equipartition theorem provides an average A

“ee”
kinetic energy % Qog ::;}
®o-0
,/rdd’ O C/J

x(D)= D kBT/Z ~ D, oo

where T is the temperature of the system.
If P(D) 1s the dimension density of a heterogeneous system, then for
probability conservation, 1.e. f(x) dx = P(D) dD, one has



Complex Networks. In a complex network with WA
degree distribution P(k), the average equilibrium load  : ’-v-hefp . = __'.! RN
for the simplest case of free diffusion 1s g N 7y 7=

ANV
x(k) = x K~k N

where x  1s a constant (average tlux per link and direction).
Then from probability conservation, f(x) dx = P(k) dk, it follows that

dk

= x 'P(x/x))
dx

f(x) = P(k)

In particular, scale-free networks have a power law load distribution in
the stationary state, f(x) ~1/x"



Zipf's law from the random walk on the semantic network of language

Written text (or spoken language) can be conceived as a walk in the
special space of concepts which can be represented by nouns, verbs, etc,

the semantic space.
A. P. MASUCCI AND G. J. RODGERS

striking

FIG. 1. Illustration of the language network for the first 60
words of Orwell’s 7984.

After writing a long text (e.g. a
novel) or speaking a long
speech, what 1s the expected
rank distribution of words?

This depends obviously on the
correlations between subsequent
words, 1.e. on the probability
that, given a word w, another
word w' will follow.

< From:

A.P. Masucci and G.J. Rodgers,
Phys. Rev. E 74, 026102 (2006)



Measure of Zipf’s law on “1984”. “"
10°
(a) The dashed line 1s a power law with
- 11 . g 10°
slope —1.1, x ~r . If Nis the total numberg
of words, then

Y =r/ N = F(x) = cumulative distribution

10"

-1/1.1 -091 w]

- F(x)~ x ~ X

— fx) ~ - 1.91

10"

(b) The degree distribution P(k) measured

on the same novel. 10

P(k)

The slope found is —1.9.

From € 3

A.P. Masucci and G.J. Rodgers,

Phys. Rev. E 74, 026102 (2006) """

1
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Heterogeneous Kinetic Exchange Models

e The analogy with dimensionally heterogeneous systems is based on the
similarities discussed above between the models.

- Example: If the saving propensities of the N agents (A, A,, ..., A )
are for 1% distributed uniformly A in (0,1),

10 ¢ _ o
1 g ]
0.1
0.1 0.01
1 0.001
S =
= M < 0.0001
[ 16-05
0.001 £
_ 16-06
0.0001 F .
I 1e-08
1e-05 I | | i
0 2 4 6 8 10
X .

Compare with real data =



Income data overview

Adjusted gross income in 2001 dollars, k$
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Colloquium: Statistical mechanics of money, wealth, and income
[arXiv:0905.1518]
Victor M. Yakovenko, J. Barkley Rosser



Decomposition of the aggregate distribution f (x) = Zi f, (x) for A'sin (0,1)
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Additional material



Variational principle for one degre of freedom

Variational principle approaches based on the variation of an entropy
functional find a natural application in the study of social and

economic Processces.

é )
Entropy S[f]=fde<Q)ln[f(Q)]
Probability conservation Il f ]=qu f(q)
Wealth conservation X |f ]=f dq f(q) X (q)
. J
Lagrange method:
6 Syl f1=0\S[f1+uIlf1+BX [ f] -
=0 [ da f@)l (@) urBX(g)=e — flr)= 2L




Variational principle for N degrees of freedom (dimensions)

( )
Functional S[f]=[dq,dq,...f(q,4,..)In[f(q, q,..) ]+ u+BX (g, q,...)

1

Energy in N-dimensions: X (q) =§[ T+ +Q?\/} (independent particles)
Integrate N — 1 angular variables: S [f1]=f dqg f,(gq){In fl(z)_l +u+BX(q)
N
(N —1)-dimensional surface: oy=2m""?IT(NIY)
Reduced density in ¢ i) =fylgloyg" ™
\_ y,

Move to energy variable x = X(g?) and apply Lagrange method:

f(x)

NIv—1
X

In +u+Bxi=. — | f(x)=

5S[f]=6 [ dx £ (x)

N




Example: KWEM Aggregate distribution f (x) for distributed A with density ®(A)

Simple example: the agents have different H(A)=1 | L<A<]

saving propensities Ai with a uniform H(1)=0 otherwise

A-density @(R).

C ding form of the n-density dA(n) — r
orresponding fo —»  P(n) = d(A(n)) =

fx /B




Examples of dimensionally heterogeneous systems

(1) Interacting particles living in different D- and D’-dimensional spaces
» ® O
» O
O o ©©
O O @ O
0000000000000 00000000000

(2) Interacting polymers with different numbers of harmonic degrees of freedom

g %D'}&\

(3) Heterogeneous Networks e

iiiiiiii
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Motivation

The goal of the work is the study of plausible mechanisms of appearance of

power-law distributions, such as Pareto’s power law of income distribution and
Zipf law for the rate of occurrence of words.

Heterogeneity is known in general to be a main feature of complex systems

and be responsible the emergence of some collective counterintuitive behaviors
such as diversity-induced resonance.

Here it is shown that heterogeneity in the number of degrees of freedom of

the units composing a complex system may lead distributions with power laws.

Known mechanisms leading to power law distributions are

Avalanche processes, e.g. in Self Organized Criticality

Multiplicative stochastic process

Non-extensive thermodynamics/entropy (C. Tsallis, J.Stat.Phys. 52, 479 (1988);
E.M.F. Curado and C. Tsallis, J.Phys.A 24, L69 (1991))

Generalized Gibbs distribution (R.A. Treumann and C.H. Jaroschek, Phys. Rev.

Lett. 100, 155005 (2008))

Superstatistics (C. Beck, Physica A 365, 96 (2006)).



Outline

(homogeneous) Kinetic Exchange Models can appear in

* Kinetic theory in D dimensions

 Study of diffusion in a network

* Kinetic Wealth Exchange Models

with an identical formulation.

In their heterogeneous versions, they can reproduce power laws, e.g.
* Power law in load distribution of scale-free networks

» Zipf's law from the Random walk in the semantic network
» Pareto's Law from heterogeneous Kinetic Wealth Exchange Models



1. Kinetic Theory in D dimensions

If the initial particles momenta are P, and P,

introduce the momentum transfer

Ap=p'=p = p-p/

and the angles o and o respect to the initial

momenta p, and P, respectively.




Using energy and momentum conservation, one obtains for the kinetic
energies x = %2 (p )’ and x = Y% ( p, )> of particles i and j

J
X, = x, + @W.x, — 0.x,
J J L] J ]

where the W's coefficients are related to the cosines squared,

X, ™ X, — WX + wjx‘

. < @, = (cos,) <1

i =

0 <

&l
I

2
j (cosex;)” < 1

In D dimensions it can be shown that assuming initial random directions,

@) = <(c050()2> = 1/D

For the equipartition theorem,

\x,] = Dk,TIv ~ D



2. Random Walk across a network

Consider N walkers moving across a network.
A generic node i has ki links and xi(t) walkers at time 7.

The update rules for the flow between nodes i and j, assuming
homogeneous diffusion, is

=
~
+

|
=
=
+
l
=

|

el
=

k. = degree of node i

X (1) =/mumber of walkers at node i



Here the W's are random coefficients in the range

0 <@ <1

OSwjﬁl

The average values are

i

@, = 1/k,

@) = 1/k,

J J

It can be shown that in the stationary state

<xi> ~ k;

1



3. Kinetic wealth exchange model with saving propensity (¥)

Definition of the model

e N agents interacting randomly in pairs, characterized by the saving parameters
A, A, .., AN) withO <A < 1.

» The state of the system is specified through the agent wealths (x, x,, ..., x, ).

* At each time step 7 two agents i and j are extracted randomly and exchange
wealth according to

= Ax e (1-A)x + EZ(I_AJ')XJ'
xj' = Aj'xj + (1_61)(1_A[)x1 + (1_62)(1_Aj)xj

(*) J. Angle, Social Forces 65, 293 (1986),
A. Chakraborti and B.K. Chakrabarti, Eur. Phys. J. B 17, 167 (2000).



Here € and € are uniform random numbers in (0,1), independent or possibly the
same random number, depending on the model.

The update rule can be rewritten as

x(t+V) = x (1) — @,x,(t) + @,;x,(¢)
W

x;(t+V) = x,(t) + @,x,(1) — @,x,(¢)
with
@,;=(1—¢,)(1-2,) = (1—¢€,)w,
®,=€,(1-2;) = €,w,

In a heterogeneous model the average value is < xi> ~ \/(\=4,)



Model system of a perfect gas with heterogeneous dimensions

The model system can represent a perfect gas with heterogeneous dimensions (each
particle lives in a space with a different dimension) or a heterogeneous mixture of
polymers, each polymer having a different number of degree of freedoms.

@) I

number D = 2 n of degrees of freedom. o .\.
For a fixed n, the equilibrium probability P @) .: O
’/O—:. ./.J

The heterogeneity is described by the
probability P(n) that a sub-system has a certain

density of a D-dimensional harmonic oscillator
is the gamma-distribution of order n,

Bn xn—\ —Bx O

I'(n)

flx)=

Then, for a general P(n), the equilibrium distribution is the aggregate density,

F0)=[" dnP(n)By,(Bx)=] dnP(n) rlz;) et

This can be obtained by varying the Boltzmann entropy of the heterogeneous system.



Variational principle for heterogeneous dimensions

Given the dimension density P(n), l<n<w |,
one can define the entropy functional as follows.

-
x
Entropy Functional S[f]=f dnP(n) f dx f,(x){In fnn(fl) +un+BxT
Constraints on probability conservation [ f ]=le dx f,(x)=1
(Single) constraint on energy conservation X ,,,| f | =f dnP(n) Jm dex f,(x)=1
. J

By variation of S, one obtains the aggregate density, i.e. the probability density
to obtain a certain value x of the energy, independently of the corresponding
number 2n of degrees of freedom,

Fx)=" dnP(n)By,(Bx)=]" dnp(m)—L— et




Result for the aggregate distribution

The aggregate density can be rewritten as
f(x) = [dnP(n)By,(Bx) = Bexp(~Bx) [ dmexp(~g(m))

where m = n — 1. The integrand function has a maximum at Bx ~ 1.
Then using the Stirling approximation, one can write

b(m) = —n[P(m + 1)] — m1n(Bx) + In(~27)

+ (m + %) In(m) — m,

Using the saddle-point approximation, f(x) = Bexp[—Bx — &(my)]

X f“” deexpl— ¢ (mg)e/2]

‘\‘qb,l,l( )exp[ ﬁ\ - Q!)(HT[))].

The asymptotic result is f(x> B~ = fr(x) = BP(1 + Bx).




Dimensional decomposition of the aggregate distribution f (x) = Zi S, (x)

10

0.01

f(x)

le-05
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Aggregate distribution of dimensionally heterogeneous systems

Gas in D dimensions. For a given dimension D,

S . S % %S’
the equipartition theorem provides an average o )
kinetic energy o % t: .
%o
x(D)= D kT/2~D, o0 Jo? oed

where T is the temperature of the system.
If P(D) is the dimension density of a heterogeneous system, then for
probability conservation, i.e. f(x) dx = P(D) dD, one has

fx) = P(D)2

x=k,TIY

= x 'P(x/%)



Complex Networks. In a complex network with WA AL e 5
degree distribution P(k), the average equilibrium load :* AN N e
for the simplest case of free diffusion is it

x(k) = xok ~k,

where x is a constant (average flux per link and direction).

Then from probability conservation, f{x) dx = P(k) dk, it follows that

dk

flx) = PUE

= x, ' P(x/x,)

In particular, scale-free networks have a power law load distribution in
the stationary state, f(x) ~ 1/x°



Zipf's law from the random walk on the semantic network of language

Written text (or spoken language) can be conceived as a walk in the
special space of concepts which can be represented by nouns, verbs, etc,

the semantic space.
A. P. MASUCCI AND G. J. RODGERS

FIG. 1. Mlustration of the language network for the first 60
words of Orwell's 7984,

After writing a long text (e.g. a
novel) or speaking a long
speech, what is the expected
rank distribution of words?

This depends obviously on the
correlations between subsequent
words, i.e. on the probability
that, given a word w, another
word w' will follow.

€ From:

A.P. Masucci and G.J. Rodgers,
Phys. Rev. E 74, 026102 (2006)



Measure of Zipf’s law on “1984”.

(a) The dashed line is a power law with

-1.1
slope —1.1, x ~r .If Nis the total numberg

of words, then
Y =r/N = F(x) = cumulative distribution

-1/1.1 -0.91
- Fx)~ x ~X

= fx) ~ X 1.91
(b) The degree distribution P(k) measured
on the same novel.
The slope found is —1.9.
From €

A.P. Masucci and G.J. Rodgers,
Phys. Rev. E 74, 026102 (2006)

P(k)

10' 3
10° 5
3
é 10
o

103

N
L]

10°

T
the

T
he

10*



Heterogeneous Kinetic Exchange Models

fl)

* The analogy with dimensionally heterogeneous systems is based on the
similarities discussed above between the models.

- Example: If the saving propensities of the N agents (A, A, ..., A )
are for 1% distributed uniformly A in (0,1),

. | | 10—
1
0.1
. 0.01
i 0.001
=
oo Z 0.0001
| 16-05
0.001 |
_ 16-06
0.0001 | e
7 1e-08
1e-05 ; ‘ , 5 ;
0 2 4 6 8 10 0.1 1 10 100
N X

Compare with real data =



Income data overview

Adjusted gross income in 2001 dollars, k$
4.017 4017 401.70 4017

100% 100%
* 1990, 27.06 k$
= 1991, 27.70 k
.+ 1903 3957k
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Rescaled adjusted gross income

Colloquium: Statistical mechanics of money, wealth, and income
[arXiv:0905.1518]
Victor M. Yakovenko, J. Barkley Rosser



Decomposition of the aggregate distribution f (x) = Zi fl (x) for A's in (0,1)

10 T T T 10 T L PN T 1
................. A=(0,1) into
L 7 ten mtervals AN=0.]
107~ 1
Z 102 aggregate -
distribution
1038 B YT
o4 ﬂ ’( /Y g
! ! sl A\E‘XLA\\ it \
1000 102 107 ; 10 102 1075 o“z I Io!s‘ - 1.0 2.Io ‘ I5.0
107 = T T T T TTTT T 11 108 p
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Additional material



Variational principle for one degre of freedom

Variational principle approaches based on the variation of an entropy
functional find a natural application in the study of social and
economic processes.

- N
Entropy S[f]=fd61f(Q)1H[f(Q)]
Probability conservation I[f] =_f dq f(q)

Wealth conservation Xm[f]=f dq f(q)X(q)
\_ J

Lagrange method:

58y f1=8|S[fl+uIlfl4+BX [ f]

=5 dq f(q)n[f(q)l+u+BX(q)=0 - f“”:%




Variational principle for N degrees of freedom (dimensions)

s N\
Functional S[f]=f dqlqu"'f(QI,QZ"‘){ln[f(QI,qZ,"')]+u+BX(ql,QZ,"')}

Energy in N-dimensions: X (61)=%[f]%+---+q}2v} (independent particles)
Integrate N — 1 angular variables: S[f,]=f dq f(gq){In f\(g)ﬂ +u+BX(q)
N
(N —1)-dimensional surface: oy=2 71T (N/2)
Reduced density in g fla)=fy(g)loyg"™
\ y,

Move to energy variable x = X(¢g?) and apply Lagrange method:

6S[f]=6fdxf(x) In % +u+pxi=0 — f(x)=5_nx"*le*ﬁx

N




Example: KWEM Aggregate distribution f (x) for distributed A with density ®(2)

F /B

Simple example: the agents have different

saving propensities Ai with a uniform —>
A-density ©(A).
Corresponding form of the n-density >

p(A)=\ , <A<l
$(A)=0 otherwise
dA(n) _ 3
Pin) = “Ee00) = 2
f(x)=]), dnP(n)By,(Bx)



Examples of dimensionally heterogeneous systems

(1) Interacting particles living in different D- and D'-dimensional spaces
®
o © ®

(2) Interacting polymers with different numbers of harmonic degrees of freedom

D D’ D

(3) Heterogeneous Networks
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