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■ We consider general master equations of the form:

■ Exact equations for mean value and variance:
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We obtain a closed system of equations if we write higher order moments as a 
function of the two first. We do so as if the probability distribution was Gaussian 
(non arbitrary assumption since van Kampen's expansion [1] shows that the 
probability distribution is Gaussian except terms of order Ω-1/2):

Moment Gaussian approximation
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Error in <n> Error in σ2

Gaussian approximation O(Ω-1/2) O(Ω1/2)

1st order van Kampen´s expansion O(Ω0) O(Ω1/2)
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E:  Linear operator such that E[f(n)]=f(n+1)
G

k
: Polynomial of degree g
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Ω:  Large parameter of the system (typically the system size)

Examples

Moment Gaussian approximation
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2 variables

Reaction-limited process: A + B Reaction-limited process: A + B → → 00

Master equation:
∂P n , t 

∂ t
=




[n1n1 P n1, t −n nP n , t ] n: number of particles of specie A

Δ: difference of the number of A and B particles
Ω: volume of the systemExact solution: P n , t =∑

k=n

M

C k  , M Bn , k e−k kt /

M: initial number of particles

Gaussian approximation (green) is almost 
indistinguishable from the exact result (red). 1st order 
van Kampen's expansion gives clearly different result.

Gaussian approximation (green) is again closer to the 
exact result (red) than van Kampen's expansion.

Opinion formationOpinion formation
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Opinion formation modeled as in [2]:
- 2 parties (A and B) plus a group of undecided agents (I).
- Spontaneous transitions: A → I, I → A, B → I,I → B  (rates α
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- Convincing rules: A + I → 2A,  B + I → 2B  (rates β
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To compare, we simulate the process with the Gillespie method.

Gaussian approximation (green and light blue) 
follows precisely the Gillespie result whereas van 
Kampen's expansion (doted blue, independent of Ω) 
differs clearly, specially for Ω=10.

Gaussian approximation (green and light blue) are 
almost independent of system size and very close to 
van Kampen's results (dotted blue). Both are close to 
Gillespie results for Ω=100, but differ clearly for Ω=10.

Again Gaussian approximation is very 
close to van Kampen's expansion and 
both methods fail for small Ω.
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