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Nanoconductors driven periodically by time-dependent temperature

Objectives
® to adapt the Luttinger’s trick to deal with the time-dependent temperature

¢ to formulate the general forms of the charge and heat currents in terms of QD
Green'’s functions



Temperature-driven systems

e |imitation of Landuauer-Buttiker (LB) formalism

=3 [ 3 Taar (€)= fur(e)

the leads are assumed to be in (local) equilibrium with well-defined temperatures,
even though the leads are connected with each other

the only place where the different temperatures of the leads enter is in the
occupation factor

the LB formalism is not adequate for the case where the temperatures at the
nanoscale vary in time and space (time scales shorter than the typical equilibrium
time)

even the Meir-Wingreen formalism, overcoming the mean-field nature of the LB
formalism, treats the temperature as a static thermodynamic variable.

® how to convert the temperature, originally defined as a statistical parameter
governing the equilibrium of energy exchanges between macroscopic systems, into
a dynamical field coupling to mechanical degrees of freedom driven strongly out of
equilibrium?
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Luttinger’s Trick
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A simple proof of the usual correlation-function expressions for the thermal transport coefficients in a re-
sistive medium is given. This proof only requires the assumption that the phenomenological equations in the
usual form exist. It is a “mechanical”” derivation in the same sense that Kubo's derivation of the expression
for the electrical conductivity is. That is, a purely Hamiltonian formalism with external fields is used, and
one never has to make any statements about the nature or existence of a local equilibrium distribution func-
tion, or how fluctuations regress. For completeness the analogous formulas for the viscosity coefficients and
the heat conductivity of a simple fluid are given.

® a space- and time-varying field ¥ (r, t) coupled to the energy density
d*r h(r)y(r,t)
¥ (r,t) = “gravitational field” (similarity to Einstein’s theory of gravity, only in a purely

formal sense)
cf) the electric coupling

&’r p(r)$(r, t)



Luttinger’s Trick (cont.)

® electric and energy transport in the linear response regime

e 1 1

Ja(r) = L:(xlw) <Ew - ETV’Y (%)) + wa) <Tv'v (T) - VW)

. : 1 1

Jte) = L) (E - -1V, (%)) + L (va (?) - vw)
where L) are the Kubo-formula coefficients.

® thermal analogs of the Einstein relationship: in equilibrium

v, T
T

E= %va (%) and V. — —

* dynamical response to ¥(r,t) = response to (slowly varying) temperature gradient

e extend the concept of thermal response to situations in which the traditional notion
of temperature is no longer meaningful

® the gradient of the gravitational field drives the electric/thermal current,
just as the gradient of the electric potential drives the electric/thermal current.

® Luttinger’s trick requires only the assumption that the phenomenological equations
relating the gradient of fields and the corresponing current exist.

» ultimately, the validity of the Luttinger’s trick should be verified in experiments

B



Thermal vector potential theory: bulk case

® electric analog

2

j=—(p)— € neA = (paramagnetic current) + (diamagnetic current)
m

» in equilibrium, the two contributions cancel each other.
» gauge invariance

e thermal case: Using the energy conservation law

dih(r,t) + V -j"(x,t)=0 and VU =-VT/T

one finds
/dgrh(r)\lf(r,t) = —/dSTjh(r,t)-AT(r,t)
with
OtAr = —g (more generally, V¢ + 0:Ar = _¥>

— elimination of T' = 0 divergence, incorporation of magnetic currents
Tatara (2015)
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Luttinger-field approach: nanoscale conductors

o ¢ t ¢
(\w ...... : ): O O W.b: N
2 D 9 2,919 L O =
\ »
a left lead impurity right lead < =~

® steady-state behavior: at ¢ = to, the gravitaional field v, is turned on, or T — T,
® change of temperature = scaling of lead dispersion

Zeakalkaak — Zgakalkaak = Z(l + Vo) (€ar + Ua)al aar
k k k

Eich, Principi, Ventra, and Vignale (2014)
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Luttinger-field approach: nanoscale conductors (cont.)

e gravitational field and temperature
» initially (¢ = —o0), at equilibrium at (base) temperature T'

£ () e

» rescaling of contact energy: ear — (1 + a(t))€ak

P
Zf(eak) (€ak —>Zf<6ak> (€ak = (1 +Ya)ear)

() o

(o
51 e

— T\ — (1 + 2;}r)>T



Luttinger-field approach: nanoscale conductors (cont.)

* two differences between LB and Luttinger formalism
» occupation factors: T, = T'(1 + )

Lutti T5gq — Ua - LB e — Uy -t
platiner ) {exp [*,7] + 1} vs fLB(e) = {exp [ p— } 4 1}
B @

» in the linear response regime, both formalisms give rise to the same result.

» beyond the linear response regime,
1. Ua = (1 + ¢a)Ua
2. in the Luttinger’s trick, the transmission function T,s(€) also depends on

T
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Eich, Principi, Ventra, and Vignale (2014)
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Luttinger-field approach: nanoscale conductors (cont.)

Non-linear response
YL =0T/T =1
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Luttinger-field approach: nanoscale conductors (cont.)

Transient behaviors
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Luttinger-field approach: nanoscale conductors (cont.)

(a)
left lead M right lead

scattering region

® abrupt spatial change in v at the interface
— the addtional scattering
— discrepancy in the steady-state current (in the non-linear regime) and the initial
oscillation

® gradual transition of the Luttinger field

Lozej and Rejec (2018)



Dynamic energy transfer in ac-driven quantum systems

Ve cos QU

¢ tight-binding model — energy is stored in the barrier

Hr
e charge flux
0= B = Jo)+ In(t), 5t = L (HN] (= C,D)
® energy flux
<%> = We(t) + Wr(t) + Wo(t) + <%—7:> , Wi) = % ((H,#i]) (i=C.T,D)

=0

— energy reactance Wr(t) # 0 (Wr = 0)
* what is correct definition of energy flux and heat current into the reservoir in the time
domain ?

Ludovico, Lim, Moskalets, Arrachea, and Sanchez (2014)
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Dynamic energy transfer in ac-driven quantum systems (cont.)

Ve cos QU

® time-dependent scattering-matrix formalism + Green’s function

Wi(t) = 4h (W HYY — VU HT + (h.c)]
=y e [ et s e, S ensan )T ) — FO] (e = ¢+ mh®)
— Flsher rLee relation (S < G)
= Wot) + ,Wr (1)
and

1" = Q(t) = Wi(t) — ule(t)/e

Ludovico, Lim, Moskalets, Arrachea, and Sanchez (2014)



Dynamic energy transfer in ac-driven quantum systems (cont.)

e satisfying 2" law of thermodynamics: for ac current in the adiabatic limit

Q) = Wolt) + L Wr ()~ ple(t)fe vs Q) = Welt) - plo(t)/e

amy

cvou o w =

0. Q1

0 025 05 075 1 125 15
(Ie/e) [ x107

Q(t) = P = Ry[lc(t)]”  (Rq=Rq/2= h/2e")

Ludovico, Lim, Moskalets, Arrachea, and Sanchez (2014)
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Nanoconductor under time-periodic temperature driving: Luttinger’s trick
® unperturbed system: { =L, R

He = Z’Hce = Zzeekcf;acka
¢ ¢ ko

Hp = Z eodldy +U(ny,ny)
Hr = ZHTe = ZZ (t[kdlckg’ + (h.c.))
¢ ¢ ko

e dot-contact coupling

t2
1—\15% and I'=)Y T,
14

e |uttinger’s trick: gravitational field W, (¢) coupled to excess energy
Ha(t) = Z Wo(t) (Hoe + AMHre — (Hee + AHre),)
£
with
A= % and Wy(t) = UrcosQt (1 =271/Q)

® Contacts at the base temperature T": f;(w) = f(w)

17



Nanoconductor under time-periodic temperature driving: Luttinger’s trick

e Total Hamiltonian

H=Hc+Hp +Hr +Ha(t)
=Hc,w(t) + Hp + Hr,w(t)
with
He,w(t) = ZHce,qJ(t) = Z [Hoe + We(t)(Hoe — (Hee)o)]

¢
= Z + Wo(t))eo Cgko-cfka Z W, (t) (Hee),
—/_/

= GZk(t)
Hr,u Z Here,u( Z [Hre + AW (8) (Hre — (Hre)o)]
—ZZ l+)\\1/[ )t db ero + Z)\\I/e ) (Hre)o
\—V_/

¢ ko
= ta((t)



QD-lead hybridization should be immune to the gravitational field

Self energies

ti (t
SRS (g 41y EZ ﬁ(/fk(t,t') ekh( )
k

Retarded/advanced self energies

2
SRAG ) = |;2| (1 4+ AW(£)) (14 AW (t Zgﬁ/j‘ t)

1+ /\\I/g(t))
1+ \I/e(t)

+ QD-contact coupling

= Fal + contact density of states

5t —t)

linear response regime

SEA )~ il (14 (20 — 1)U, (1))6(t — t)

— only when A\ = 1/2, ER/A is not affected by the gravitational field

beyond the linear response regime

1+ %\m(t) S V1)

Hasegawa and Kato (2017), Hasegawa and Kato (2018)
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Charge Currents

e Charge current in terms of QD Green’s functions
c dN .
150 = e (G5 ) = £ 3 Gt )nl) + (e,
ko
- eZ/dt’ gf{f,(m S5 (1) + gja(t,t')Eﬁ,(t',t)) + (c.c.)
. dMN
I5(t) = < D> sztgdo (t,1)

® Charge conservation:

[H,> Ne+Apl=0 — D L) +IH() =0
4 4
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Heat Currents

® Heat current and contact energy for lead ¢

ho  AQe(t)
with
Qe(t) = (Hoe + AHre)
or

Qe(t) = Hee,w(t) + ANHre,w(t))
The difference between the two definitions,

Wo(t) [Hoe — (Hoo)o + A (Hre — (Hre)o)] s

is of the second order in ¥,
— the two definitions give rise to the same result in the linear response regime.

24



Heat Currents (cont.)

e Heat currents in terms of QD Green'’s functions

(Hee) = —i Z ekGiic oo (1 1)

= Ecuo + Z/dt /dt" :ZA tt G ()

+ 2R, OYGE ) + 25 ¢ G t“))
(Hre) = —i Z Garono ()t + (c.c)
ko
ih

RS ES T /dt G (8, )55, (1) + Gy (8, £) 4 (¢ t))—i—(c.c.)

with

—ab Iy . a / tzk(tl) ték(t”) b "
20ttt = - St Lt
io ) i Ek €0k Go (4, 1) W r 9k (t",1)

fora,b=R, A, <.
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Heat Currents (cont.)

e Sum rule:

(M), H®] =0 — > (Wee(t) + Wre(t)) + Wo(t) =0
4

where the energy change rates are defined as

Weelt) = %[HW Hoew ()] = (14 Te(t)) d<7;t04>
Wrd(t) = %[H(t%?‘i’re,qz(t)] =1+ A\pl(t))@

Who(t) = —[H(t), Hp]-

Note that this sum rule can be applied only when the QD Hamiltonian, Hp is known.
® power supplied by the time-dependent thermal source or the power dissipated

P(t) = <aa—7:> = Z U, ((Hce + AHre) — (Hee + AHre),)
¢

bk



Linear Response Regime

® We focus on the linear response regime

e Fouerier transformation: using the periodicity G(¢,t') = G(t + 7, + T)

G(.0) = [ Gre g0,

i G(n,w)e ™M,

® Expansion of the QD Green'’s functions: only n = 0, &1 components are relevant
1o S (n=0,w) ~ Gy (@)
Q(I;/A/<(n = :I:l,w) x Uy

and

c/h c/h —iQ c/h Q2
Ie//D() Ié//D(Q)e ' t"'lze//]:»(_Q)eJrz '

24



Linear Response Regime: Charge Currents

® Charge currents
<) — dw s 1,
150 = e w [ 52000
c d
@ =X [ 0 5501,6) (0ho + ) = ()
+ fw+ Q@) (G (1w + Q) = G (1,w) ) + (2T, (1,w)

® The charge currents depend not only on the equilibrium QD Green’s functions but
also on the dynamical ones, G'/*/~ (1, w), even though the linear response
(T, — 0) is taken. It is obviously because our perturbations are dynamical and the
dynamical excitations of the system, even though being small, cannot be described

solely in terms of the equilibrium Green’s functions.

25



Linear Response Regime: Charge Currents (cont.)

e Elimination of [ dw G5, (1,w) from the charge conservation
S+ I5() =0 /dwg;,u,w) _
4
e Charge currents, free of G5, (1,w)
c dw \I/g/ QiFg/ \I/z Q .
= — -—— | A Q — | (2T
Li@) e;/%[(; 2 2T +Q 2) sl ’w)(w+2>(”)

x (Gfrcalw + Q) = Gl a(@))
Flw +Q)(2iTy) (gﬁ,('l W) -G, w)) ]

Lo
2" + Q

with



Linear Response Regime: Heat Currents

® Heat currents

() :Zh/%[%@(w&,@ (w—l— 2) (2Te) (G2 a0+ 9) = G (@)

~ (w+§) @ro sk (1.0 - s+ D (1.) |

- (w+ ) @i .0

e Elimination of [ dw (w + £) G5, (1,w) from the sum rule

S Weel@) + Wre@) + Wo(@) =0~ [ dw (w4 ) G500 =

£

but, aplplicable only after Hqp or Wn(Q2) is specified.

® Time-averaged power

Z ) Re[Ig

¢



Linear Response Regime: Heat Currents (cont.)

e artefact of Luttinger’s trick: an additional unphysical term in I} (¢)

& (1= N We(0)Breo)

<+ an effective energy capacitor which is dynamically driven by the field difference
W,(t) — AW,(t) between the contact ¢ and the adjacent tunneling barrier.

o8



Application of Luttinger’s scheme: Non-interacting case

e QD Hamitlonian
HQD = Z Eodjrdo'
® QD Green’s functions
RA (= — L and ¢1Lw) -0
gdo' eq( ) w— Eo'/h:l: i g(](r ( )
Note that
G (1,w) #0

® For the sum rule for energy change rates,

Wolt) = Sera0) =+ Wol®) =~ S o [ 52005,000)

29



Application of Luttinger’s scheme: Non-interacting case (cont.)

e Thermoelectric and thermal admittances

IF ()] [Lu(Q) — LLr(?) Lir(Q) Uy, /2
o] = | |2

IgQ)| — Lri(Q) Lr(Q) — Lir(Q)| |¥r/2
and
{I{j(Q)} _ [KL(Q) — Kir(Q) Kir(Q) } {\I/L/Q]
IR (Q) KrL(Q) Kr(Q) — Kir(Q)| |¥r/2
with
Le(Q) = (2iT)Qe Z Pi,(Q Lir(Q) = 4 Tre Z P, (Q
Ko(Q) = (2iT0)Q Z Pas (0 Kir(Q) = 4TLTr(— Z Py (92
and

Pna'(w) = / Z%Af (UJ + Q7 UJ) <w + %) gcli%a,eq(w + Q)gfo,eq(w)

20



Application of Luttinger’s scheme: Non-interacting case (cont.)

® Onsager reciprocity (micro-reversibility) in the linear-response

regime

SI°(Q) . dN
sIM(Q) . dO

M(Q) = L(Q)

Both works use the same contact energy

1
Q=%Hc+ §HT

(Rossello, Lépez, and Lim, 2015)

29




Application of Luttinger’s scheme: Non-interacting case (cont.)

e |ow-frequency (hQ2 < kgT) equivalent RC circuit

1 1 1
L/KiLr(Q2) = = 4+ —
/ LR( ) ZL/K,LR(Q) RL/K,LR 1/ZQCL/K,LR
1 1
B = 7— et —

iQCL k.

kPl



Application of Luttinger’s scheme: Non-interacting case (cont.)

e fluctuation-dissipation theorem + Kubo formulas +
scattering theory va\_’
1 o (Qi0T ) r -
_ i(Q4i0T)t ;1 7h h
K= s |- a1 o <

L) = g7 [ dee O, 1 o) = FE

I T(t) + T
I, Bty
<3

‘ t)+ Ex

— in good agreement with our results
® comparison with previous results

1. two agreement with previous results — validity of our Luttinger scheme

2. the fluctuation-dissipation theorem holds for the thermoelectric and thermal transport for
non-interacting + linear response

Lim, Lépez, and Sanchez (2013)

k]



Application of Luttinger’s scheme: Non-interacting case (cont.)

cross thermoelectric admittace Lir(Q2) (e; = €})

o

SE=Cy §V

J:' 7 Z L
0.10
0.10
= 0.05 0.05]
E 0.00 5 %ﬁ .
fg ; G 0.00 it
T 008 y ~0.05 y
~0.10 ' )
4 2 o 2 4 e e— 2 7
€4lAT €4lAT
At low temperatures (kgT < AI')
1 o Tr ,
= (—e)hGuT - (0
Rrin (—e)hGin T XJ:P (0)
or.T 2k3T
Crir = (~)W’GuT =123 b (0)pa(0) (G = =2 0 ~—
)

— the thermodelectric admittance reflects the particle-hole symmetry
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Application of Luttinger’s scheme: Non-interacting case (cont.)

cross thermal admittance Ki.r(92) T‘:ST

2
R
C’;‘

0.30 0.20

Rz
Cue
0.25]
— 0.15
. 0.20
< o ~ /“0\

N

. 7
"
Ry
I

‘7 Zy* -

/

/ 7
/)

0.00 — 0.00

YN M A
g e SN A NN

-4 -2 0 2 4 4
€qlhr eglhr

2 4

At low temperatures (kgT < hI')

1 RINPRY h2GwT 2w 9
= T— +(0), = o
Rrin hGin T Zp (0) Ck,Lr B T Z[P (0)]

o o

® at low temperatures, 1/ Rk, Lr is proportional to the electric conductance
® at high temperatures, large-energy carriers are dominant in the heat transport.
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Application of Luttinger’s scheme: Non-interacting case (cont.)

RC times or response times

Tk (1]

TK LR

—4 -2 0 2 4

eqlhl
For all temperatures,

Lo =7oir  (+ Pie()) and TK,0 = TK,LR

At low temperatures,

>, [P (0))?

=h=" " =2
TL,LR Za 12(0) TK,LR

26




Application of Luttinger’s scheme: Interacting case

e QD Hamitlonian
Hqp = Zegdid(; + Unyny
® Hartree approximation
(nods, db) (t,t) & (n5(t)) (do, d5 ) (t,1) = (n5(t)) Gao (t,1)
® QD Green’s functions
[ P S
gdgeq( ) o (JJ—GHF U/hj:il“
G/ (Lw) = —gR/A( + Q) (1, Q)04 (w)

with ear,o = €5 + Un,eq

® For the sum rule for energy change rates,

Who(t) = ;lt <Z a(na(t)>+U<nT(t)><m(t)>>
5 W@ =~ e [ 32005 0.0)

27



Application of Luttinger’s scheme: Interacting case (cont.)

® Thermoelectric and thermal admittances

{Iﬁ(ﬂ)} _ [LL(Q) — Lir(92) Lir(2) ] [\IIL/2}

I5(Q) Lrw(Q) Lr(9) — Lir(Q)| [Wr/2
{15(9)} B [KL(Q) — KLr(Q) Kir(Q) } {@L/z]
hQ)| — KriL(Q) Kr(Q) — Kir(Q)| |¥Ur/2
with
Le(Q) = (2iT0)Qe Y [PlU(Q)—i—ZI;( Poo ()X ,,(Q)}
LLR(Q) = 4FLFR62 |:P10(Q) -+ iS})}U [)U(Q)){ (Q):|
Ko@) = @001 [PZU(Q)+ er( Puo(Q) X (€ )}
Kin(Q) = 4TLTr(=h) Y {PQU(Q) + %PM(Q)X&(Q)}
and

P1o(9) + 22U Py, (2)Pio (Q)
1— ()2 Py () Pos (2)

9

Xo () =

~ Plg(Q)



Application of Luttinger’s scheme: Interacting case (cont.)

cross thermoelectric admittances % i
c, LR <
+ z FAY L
U/Ar=0.9 U/Ar=0.9
[ —_
2, O
s I
g 5
-005 -0.05
-0.10
-4 -2 0 2 4 -4 -2 0 2 4
€4lhT €4/nr

thermal admittances

0.30

URr=04 - U/Ar=09

0.25 015 /
5020 - )
S, , )
% 0.15, g 0.10
< S -
= 010 s 0.05

0.05 T

_— 03 )
0.00t == ] o 0.00b=—
-4 -2 0 2 4
€4/
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Application of Lutting

RC times or response times

T TR [17]

max([7, r=7.,0] [1/T]

TL,e # TL,LR

N
3]

N
o

o
o

0.0

0.10
0.08
0.06
0.04

0.02

0.00

0.01 0.05 0.10 050 1
kg TIAC

and

40

max(k Lr=Tk ] [1/T]

Tk Thr [17]

s scheme: Interacting case (cont.)

7, 7

TK,¢ # TK,LR

0.010
0.005

0.001
5.x107

1.x10™
5.x107°

0.01 0.05 0.10 0.50
kgT/AT




Further applications of Luttinger scheme

* Non-interacting case
» multi-levels in QD
» spin-orbit interaction
» non-trivial geometry: Aharnonov-Bohm interferometer
® Interacting case
» equation-of-motion method: Coulomb blockade (Meir-Wingreen approximation)

» time-dependent numerical renormalization group (td-NRG)

08
06
HOro,__HO
0.4
02 R Y SO O N
0 N T
- ToRES -
02
00001 0.001 001 01 1 10 100 1000 10000 2 0
T,
« o / /\/\
4 tT=0.001 1T=1 1T,=1000 o
— [ o[ " HO o 1 2 s & 5 6 7
08t e L @) & ) H = HO Y = 0 w
“5; 0.6 Bl L Bl S Tt ot
T o4 b r b Switch-on time
0.2 i L i Nghiem and Costi (2014)
0

Nghiem and Costi (2017)
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