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Abstract: We study the mechanical properties of a broad class of
multimode and polarization light patterns, resulting fréime interference
and superposition of waves in helical modes. General londl global
properties of energy and angular momentum (AM) are idedtiia order to

de ne the conditions to optimize the AM with increasing beaamplexity.

We show the possibility to engineer independently the |lat=isities of
optical AM and energy, opening the possibility of an expemtal demon-
stration of their respective effects in light-matter irtetion. Multimode
Laguerre-Gaussian beams also allows us to tailor the IpaalfsM through

the Gouy phase.
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1. Introduction

Spin and orbital angular momenta of light have been obseirvedany experiments via the
transfer of these mechanical quantities to matter. Thelteebave been in agreement with
theoretical predictions for easily accessible beams cleniaed by circular polarization and
helical phase pro les, including Laguerre-Gaussian (L@G) 8essel beams [1, 2, 3, 4]. Re-
cently, more complex beams have been subject of invesiigatiecause of their applications
in imaging [5, 6], tweezers [7, 8, 9], atomic trapping [10Jicne uidic [11], and quantum in-
formation [12]. Thesenultimodebeams angolarizationpatterns are composed by different
helical components with azimuthal phase dependenc@ &pand can be generated with spa-
tial light modulators, or other linear optical elementsg413]. Moreover, these beams can also
occur as the result of the nonlinear processes of wave midin@4], as the result of spon-
taneous pattern formation [15] or in specially engineeesgts and photonic crystals [16]. A
device to measure the spectrum of helical components ofrigemeltimode beams has been
proposed in [17].

An interesting way to increase the complexity of Gaussightlbeams is to consider the
case of multimode beams, resulting from theer ferenceof an increasing number of modes.
Some recent work reports on the effects of interfering LG esoth the context of singular
optics looking, for example, at the topology of the singitiles along the propagation beam
direction [18] and in relation with optical manipulation, [8. In particular, Ref. [8] shows the
possibility to concentrate opposite orbital AM in diffet@ircles in the transverse pro le of the
beam, while Ref. [9] reports on the tuning of the orbital AMthg interference of modes with
opposite helicity and different intensities. Both refares consider the interference of vortex
beams with the same (linear) polarization.



In addition to interference, it is also interesting to explthe role of the vectorial character
of the electromagnetic eld through the analysis of gwerpositionof orthogonal linearly
polarized beams, in the context of AM. Interference can leglus obtain LG modes carrying
orbital AM starting from two orthogonal Hermite-Gaussian beamshwanishing orbital AM
[2], while superposition of identical beams that are lilgaplarized in orthogonal directions,
with vanishing spin AM, gives rise to elliptically polariddight carrying a non-vanishingpin
AM ! and also to radially and azimuthally polarized beams [6].

There is clearly a rapidly increasing number of experimantstheoretical proposals dealing
with beams of increasing complexity, both in terms of numdfespatial modes and polariza-
tion states. Our interest lies in the mechanical propedfethese beams, focusing on local
and global features of both scalar and vectorial beamsraslarespectively, by interference
and superposition (see Egs. 10, 11). Multimode beams haieabpM features that are pro-
foundly different from those of orbital AM eigenmodes wittetr helical phase pro les and uni-
form polarization states. The study laical properties, such as the densities of linear and AM
[19, 20, 21], is fundamental for experiments accessing polyions of the beam like tweezers
and atoms or ion trapping, as well as any aperture effeatsdated by optical elements. We
show that increasing the complexity of light beams openshebssibility to engineer, inde-
pendently, the local orbital AM and energy densities and vop@se an experiment to identify
the independent roles of these in optical trapping. A sinnag to obtain circles with opposite
spin AM is also shown just by exploiting the Gouy phase. We atsidy global properties of a
general class of beams, including the average energy andaAtyve identify the conditions
to optimizethe amount of AM per photon with increasing beam complexityparticular, we
consider whether it is more ef cient to interfere or supesptdeams in order to generate orbital
and spin AM.

2. Linear and angular momenta and energy

Much of the literature on the mechanical properties of lighats beams carrying a uniform

polarization. In such cases a scalar wave theory suf cegsuiibe the light and its mechanical
properties. It is important to recall, however, the expi@ssfor the linear and AM in the most

general case, as a function of arbitrary eld compondnt3he review in this section aims to

point out the principal effects arising when multimode piaiation patterns are considered. We
consider only monocromatic beams with electric eld

sxit)= JIE(E M+ el &)

whereE = ( Ex;Ey;, E;) is the complex amplitudew the frequency and = w=c. We work
throughout within the limit of paraxial propagation. Tharisversality constraint on the elec-
tromagnetic eld,N e= 0, xes the eld component in the propagation directidg,, as a
function of Ex andEy. Therefore the mechanical properties of paraxial waveseagxpressed
as a function only of the transverse ekh = ( Ey; Ey). The linear momentum density in the
direction of propagation is

Pz(X) = %(jEX(X)j2+ JEy(0)i%); @)

where, as usual, rapidly oscillating terms are removed mpteal averaging over an optical
cycle. We de ne (spatially) averaged quantities as thegrgkof the densities over any trans-
verse plangx;y). The importance of these quantities follows from their indinage relation

with uxes in the paraxial limit [22]. In particular, for paxial light beams, the average linear

1In both cases the proper choice of relative phases of the coempbeams is of fundamental interest.



R
momentum has its largest component in the propagationtiire(®, = dxdyp, Pxy). The
ux of linear momentum is naturally associated with the @yelby Poynting's theorem, which
leads to the expression of the time averaged energy peramgth
Z

& P
W:E dxdy(jExj? + jEj?): ©)

The transverse linear momentum density compongnts ( py; py) are

) = DUERE) EE) ccl @

Py(X) %[(Ej LE))+ W(EE) ccl;

where we adopt the Einstein summation convention psdx;y. Even if the average total
transverse momentuP, is negligible with respect t8,, the local value of the densify, still
has important effects being at the origin of optical AM [23].

Surprisingly Eq. (4) vanishes identically for purely read {maginary) vector&, suggesting
thatno transverse momentups can be exertedn the focal planef a fundamental Gaussian
mode, in apparent contradiction with the well-known prépef Gaussian light beams to move
small objects towards the beam axis. The consistency of £ds (ensured, however, by the
paraxial evolution causing any eld purely real in a planer(instancez= 0) to become com-
plex on propagation. Therefore the transverse momeptumrould not vanish over an interval
iz < Dz, with Dz being the thickness of the trapped object.

The average total transverse momentum is

Z
P, = dxdy(e=2w)Im(E; N, E; ); (5)

with “Im” denoting the imaginary part, and has the form of axgectation value” of the lin-
ear momentum, in the language of the analogy between paoptias and Shivdinger wave-
mechanics. It is interesting to compare the transverse maumeof uniformly polarized beams
with polarization patterns for vector beams. Uniformlyarited paraxial beams have the form
E» (X) = (aX+ by)u(x), wherea andb are complex constants. These beams have a transverse
momentum density (&=2w)Im(uN-, u ) that is completely independent of the polarization
state of the beam. On the other hand, in the presence of patian patterns, the linearly polar-
ized componentBy., contribute differently to the linear momentum. As a patécexample, a
eld with vanishing average momentuf, can be obtained by superposing two orthogonally
polarized waves with momenta pointing in opposite direwiorhis is a rst example illustrat-
ing how the vectorial character of electromagnetic elds kgad to novel capabilities in optical
manipulation.

Comparison of the density of transverse momentum Eq. (4)taadntegrand in Eq. (5)
reveals a term that doemt contribute to the integrated total momentum but is, needess,
locally non-vanishing. This vector,

@=2W(Tysz(x); Tksz(X)); (6)

is proportional to the transverse components of the cuH®Btokes parametey=  i(E,Ey

c.c)) (thatis the local difference between the left and rightudeidy polarized intensities) [24],
taken in the limit of slow variation of the eld envelope alprthe propagating direction
Because of its derivative form, this term does not contghiotthe average linear momentum
P, for any physical beam and it has also been shown that it doepronduce directly any
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Fig. 1. (a) Intensity distribution of theyo(x; y; 0) Laguerre-Gaussian mode. The orbital AM
density (b) has the same pro le of the intensity, the only difference beiscpiing factor
given by the helicity . If two orthogonally polarized beams in the same mode but yp#th
dephasing are superposed a circularly polarized wave is obtainedspimef this wave
for uyg is represented in (c) and differs by the intensity distribution only by a scglirem
by the degree of polarization. In this case= 1. In order to compare with the following
pictures regions of the beam in which the intensity is above 80% of its maxinalue are
highlighted with dashed lines in (b-c).

mechanical effect [20]. Stilkhis derivative term is extremely important because it fetadthe
spin component of optical AM

The density of AM is naturally de ned from the linear onejas x p and we nd thetotal
AM density in the propagation direction in the form

jz2(X) = L%)/[Ej i Ej + 2B Ex+ T(XE(Ey) + T(YE(Ey) cicl: ©)

We can readily distinguish different terms contributinghie total AM [4], namely an orbital
component

2= o IM(E, T Ex+ Ey 1 Ey); ®
and a spin component
&
5= IM(EEy): ©)

In this case, as for the linear momentum, there is a non-engerivative term in the total
density that does not contribute to the average AM and doekawe mechanical effects, as
discussed in Ref. [20]. We stress that it is necessary (Hufaient) to have a eldE, with
a local circular polarization in some region to obtain a manishing spin AM. Novel elds
characterized by azimuthal and radial polarizations fleeeedo not carry any spin AM even if
in general they have a non-vanishing orbital AM. It was alseaoticed in seminal papers about
optical AM that linearly polarized beams in helical (LG) neschave a density of orbital AM (8)
that is locally proportional to the energy density [2, 4]eldame is true for the spin AM density
if boundary terms are neglected (see Fig. 1). For more compdams, however, the local
mechanical properties can be tailored independently wiihoitant consequences in optical
manipulation. In particulafor multimode beams, neither the spin nor the orbital AM dérs
are proportional to the local energy densityfollows also that global properties of these beams
re different from the single mode case. In the following, wik consider the averagk; =
dxdy’ ; resulting from the sum of therbital AM carried separately by the linearly polarized
componentEy andEy and the spin given the spatially averaged Stokes pararagtey. We
discuss multimode beams comparing beams obtained eithietdoference or by superposition.



2.1. Interference and superposition of optical beams

At the heart of wave physics is the phenomenon of interferefar which some properties,
like the energy, carried by the component waves exhibitllotaxima and minima that are
not present in the constituent interfering waves. Becatifigeovectorial character of the elec-
tromagnetic eld, however, two waves can be combined in al & such a way that their
energy densitieadd. This occurs when the superposed elds have orthogonaligalions.
In the following we consider the main differences betweem rtechanical properties in the
superpositiorof two orthogonal linearly polarized beams

E> (x) = (U(X);V(x) (10)
and the linearly polarized eld
E ()= (U + V(x);0); (11)

resulting from thanterferenceof the same elddJ andV, but now with parallel polarization.

Clearly the interference eld (11) does not carry any spin Akt does allow us to include in

our analysis the properties afultimode elds, from the sum of different helical modes. On
the other hand, the superposition eld (10) allows us to tifgnhe relations between different
mechanical properties (energies and momenta) of polaizpatterns.

The polarization pattern (10) carries a total average AM

. Z

3= %/ dAURU +VHYV + 2V U ccl; (12)
which includes both orbital and spin components, while titerference linearly polarized eld
E' carries an (orbital) AM

. Z
J= % dxdy[(U+ V) (U+ V) ccl: (13)

Two main differences can be inferred by the comparison ofAtlebetween the interference
and superposition elds. The rst one is that thecal differencen the phases df andV can
give rise to a resultingpinin the polarization patterf®, and that this occurs despite of the zero
spin of the component beams. We stress that in the single wemie[2] the spin AM arises
due to a spatially-uniform phase difference between thepomant beams while for generic
Ex andEy the respective spatial pro les and mode components alsp @lkey role.Locally,
non-vanishing spin AM can be induced without global rephgsf the beams (i.e. without
using phase plates) by engineering the spatial phase proflénearly polarized elds, by use
of spatial light modulators, so that the local phases of #&ntsU andV are mapped into a
polarization pattern. If helical modes are consideredgivss rise, in a sense, to a transfer of
orbital AM into spin AM. It follows that, in general, the lokspin and orbital AM densities are
two intrinsically correlated properties that cannot beiregred independently in nite regions
across the beam pro le. In order to produce a polarizatidiepait is necessary to introduce a
relative phase between the linearly polarized compondittseoeld, but this variation will in
general produce a locally non-vanishing orbital AM.

The resultingorbital AM also depends on whether we interfere or superpose the éls.
Indeed, the second main observation drawn from Eqgs. (12)188)ds the distinctive property of
the superposition of orthogonally polarized waves, alt@yiot only to add their input energies
but also to add their orbital AM. On the other hand, as for thergy, the AM obtained by
the interference of two beams is not the sum of their AM. Thieince between therbital
angular momenta d&' andES is

. Z
L Ls= %/ UKV +VRHU  ccl: (14)



A trivial way to increase optical AM is to uniformly increasiee intensity amplifyinggs'.
High powers, however, are often undesirable and, morethane are more interesting possibil-
ities. In order to study the ef ciency in producing AM, it iseaningful, therefore, to consider
the AM per unit of energy (AMPE) or per photon, these quasgibeing equivalent apart from a
factorhw. This scaling also allows us to distinguish any increaselfffom that arising from
the difference in energy for interference and superpassti¢-or example, in the trivial case
V = exp(ig)U (with g real constant) the difference (14) is non-vanishing, bigt itha simple
“side effect” of constructivedq = 0) or destructived = p) interference. Therbital AMPE is
the same in this case (and independeng)ah either superposition or interference.

A general and interesting question is whether the intenfezer the superposition of waves
carrying AM produces a beam with the greater AMPE. We startdnysidering orbital AM,
recalling that the spin component is present only for supstion. The natural basis to study
AM in paraxial beams is given by LG modag [4, 25]:

U(x)= ca apup(x); V()= ca bp Up (X); (15)
p; P;

whereC is a real factor with the dimensions of electric eld. We cdmose the mode am-
plitudes such tha p;\jap\j2 = é’lp;‘jbp\j2 = 1 so thatC xes the total energy. We nd that
the ef ciency in producing larger orbital AM is optimizedtker by interference or superposi-
tion dependingon the spatial spectral details of the component beams.Xeon@e, opposite
signs of’ can cancel in the superposition case, while in the case @ffartence everything is
complicated by the possibility that the relative phasesefatandb amplitudes play a roll in
determining the total contribution to the AM of each LG modis can be seen clearly by
considering the orbital AMPE in interference and supenpmsi

L _ &pjap+bpi® L5 &p(apif+ibyi?)

Wi~ wapjag +bpj2’ WS wapjagiZ+ jbyj2’

(16)

The vectorial character of the electromagnetic eld makgmgsible to add not only the ener-
gies but also the orbital AM through superposition, whileital AM and energy can be affected
either by constructive or destructive interference depenthe signs of the factors &, bp\ ).

It follows that the largest AMPE is obtained by superposhmey £lds rather than by interfering
them when

o N 1 o o . . . . ~
a Re(apby) < >a Re(ayby) & (japj*+ jbpj?): (7)
p; p; P

Equation (17) provides a general criterion with which toablish whether, given two input
beams with the same energy but different orbital AM speditrare is morerbital AMPE in
their interference or in their superposition. Naturallg 8pin AM needs to be included in order
to obtain the total AMPE of superposed beams. The averag@idsmmn AMPE, in terms of the
component-mode amplitudes is

S

1,
e} Im(ap by ): (18)

P
We note thabnly common mode components in the elds U and V contributeeéaverage
total spin AM

3. Examples

In this section we illustrate, through some examples, Hwtlgtobal and local properties of spin
and orbital AM for both the superposition and interferenases as the degree of complexity
of the beams is increased.



3.1. Interfering and superposing single Laguerre-Gaussisdes
Let us consider two LG modes

U(x) = Cup,(x); V(x) = Cup,(x) (29)
and consider superposition elds, as in (10), and interfees as in (11).

3.1.1. Modes with different helicities 6 “»

The interference of beams with opposite charges " and different energies was consid-
ered in Ref. [9] where the possibility of using the imbalabetween the modes to tune the
orbital AM on the intense circle was established. A completal/ approach was adopted in
Ref. [8] to demonstrate the possibility of having rings weibposite orbital AM when; and’»
have opposite signs and a large difference in the absollite vdere we consider the case of
composing beams with equal energidifferenthelical indexes(; 6 "») (i) focusing on general
local and global AM of these beams and (ii) generalizing theyssis by including the vectorial
degree of freedom of the electromagnetic eld. The supédtiposof orthogonally polarized LG
beams allows us to tailor polarization patterns carryirig M.

orbital (1)

total ()
2

: e FLy

orbital (S) spin (S)

Fig. 2. AM densities obtained by interfering (a,e) constructively andipggosing (b-d,f-
h) two p = 0 Laguerre-Gaussian modes with= 3; , = 2 (a-d) and ; = 3; 2 = 0 (f-h).
Orbital AM (a,b,e,f), spin (c,g) and total(d,h) AM are represented eompared with the
intensity highlighted regions (see Fig. 1).

It follows from (17), or from the orthogonality of the modedthv™; 6 *», that theaverage
orbital AM of the superimposed beams (as well as the enesgiylei same as that obtained by
interference. In particular

} . Q)CZ . .
W= W= el L= L= - (1t o) (20)

We note that even if the details of the pattern of both the sSoqp®sed and interfering beams
depend on the distanedrom the beam waist, theverageAM are constant at different planes
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Fig. 3. AM densities as in Fig. 2 inthe case’ef= 7,2 = 1, withp; = 0= py.

(independent o). It follows from the orthogonality of the moded, andV, that the average
total spin AM generated by superpositiorzisrg (Eq. (18)). Finallymodes with different he-
licities have the same average AM both in superposition atetfierence, and this is also true
of the AM per photon

Even if in this case the global (average) mechanical prasein interference and super-
position are the same, important differences appear im kheal properties. Therbital AM
resulting from constructiviaterferencga,e) andsuperpositior(b,f) are compared in Fig. 2 and
Fig. 3 for different LG beams. The main difference is thatdhenuthal symmetry in the orbital
AM distribution is lost in the interference patterim particular, given (19), it follows that the
orbital AM density for the superposition eld is

200= 5 [dU5+ 2V (0§ (21)
which clearly has azimuthal symmetry, while for the inteefece eld it is

_ S
109= 500+ L2 22Raupgv (); 22
which exhibits an azimuthal modulation pfy ",j positive (or negative) lobes, as illustrated
in Fig. 2a (3 2= 1 lobe), Fig. 2e (3 lobes) and Fig. 3a{7. = 8 lobes).

The modulation effect due to interference is actually alssent in the power distribution,
with the same azimuthal periogp2j 1 “,j. The important difference is in their respective
radial distributions. This gives rise to the interesting obseovathat, in generalthe regions
of maximum AM density, either of spin or orbital origin, aretrihe regions with maximum
intensity (energy densityYhis is evident in Figs. 2e and 3a: The energy is conceutriate
an inner dashed region and the orbital AM in an external omail&ly, for the superposition
of waves (19), the ring of maximum energy intensity in Fig.a&fwell as in Fig. 3b falls in
a region of relatively small orbital AM. A comparison of thadial cross sections is given in
Fig. 4a.

Following the analysis presented in Ref. [20] the anguldwaity of an absorbing (or bire-
fringent) object trapped by a beam carrying orbital (or $AM depends on the AM ux
through the region occupied by the object itself. For pads@ams this reduces to the average
of the variation of the AM density introduced by the absogoin birefringent object. The main
point is that, if the trapping beam is a single LG mode, theutargvelocity is proportional to
the local absorbed energy, because this is equivalent tAhdensity apart from a constant
[20]. For more complex trapping beams, however, energy aviccan be tailored to be locally
very different. Therefore the fastest rotation of an absgrparticle can appear even in regions
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Fig. 4. a) Radial energy density (continuous line) and orbital AM densiaglfed line)
obtained superposing two beams with= 7;"> = 1 (see Fig. 3b). b) Average energy
(continuous line) and orbital AM (dashed line) obtained by integral onauleir area of
radiusRin units of yC2 andeyC2=w, respectively.

of relative darkness of the beam. This separation betwesrethons where energy and AM are
respectively concentrated offers the possibility to diedistinguish the respective mechanical
effects.

We propose an experiment to measure the angular velocityrapped object with circular
or ring shape. The interference and superposition elddcbe used to trap the object and
a measurement made of the variation of the velocity by chmntie relative radius of the
beam and of the object, for instance by progressive focusfiripe beam. The variation of
the velocity will be proportional to the integral of the AM migty over the object area and
clearly distinguishable from the average energy. In Figwhillustrate the case of a circular
purely absorbing object trapped by the eld resulting frdra superposition of two beams with
same energies and different helicities. The average erierg\circular area always increases
monotonically with the radiuR. On the other hand, the orbital AM can show oscillations from
negative to positive values if the composing beams haveitied with different signs. On
focusing the beam, the angular velocity of the trapped oligepredicted to change direction
following the dashed line curve in Fig. 4b. The asymptotiluga for largeR can be compared
with Egs. (20).

We note that, as a consequence, the familiar picture thatgamton transfers some average
number of units of orbital AM ) per photon to an absorbing particle cannot be correct in
general. This simple picture makes sense only for simphglsimode) trapping beams, where
the energy and orbital AM density are not independent. Ireggnconsidering the proposed
experiment, this picture would translate in an increasimguéar velocity, in a xed direction,
when focusing the beam, due to the fact that the number ofrlaédqhotons (the energy)
increases wittR. A proper analysis in terms of the AM ux [22], however, showsat the
angular velocity can change direction when focusing thehees does the corresponding AM
ux (Fig. 4b).

We consider now the spin AM when the orthogonal beams (193@perposed. Even if the
average spin AM is vanishing, we have seen that the locabwafithe Stokes parametes(x)
is dictated by the relative phases of the superimposed béanasndE,). The orthogonality of
the spatial modes, does not prevent the possibility of gdinpolarization pattern with large
local spin AM. In particular, regions of left circular polaation are balanced by the ones with
right circular polarization, as illustrated in Figs. 2c andind Fig. 3c. Thg¢ 1 ~»j lobeg with

2The same periodicity was found for the energy and orbital AMmfnterference eld, because the imaginary part
of the phase sensitive tefdV appears in the spin AM of a superposition eld while the reaft@ppears in the orbital
AM of the interference one.



Fig. 5. Spin of the superposition of two orthogonal linearly polarized wavih same
helicity * = 2 and radial indexep; = 0; p, = 1 at different planes along one Rayleigh
range gr), forz=  0:5zg;0; + 0:5z; + zr. In the rst panel the radial pro le is represented
to show the local sign of the spin density. The Gouy phase introducesgotzization
gradients out of the focal plane.

left and right circular polarization are separated by regiof vanishing spin, or C-contours
[26], while the energy is azimuthally symmetric. We con@ubat the total AM density, and
its spin and orbital components, can be concentrated neagins of darkness in the beam.

3.1.2. Modes with same helicities

In order to illustrate the speci c effects encoded in theiahdhdex, let us consider LG com-
posing beams with the same helicity,(but different radial indexep; 6 py:

U(x) = Cup, (x); V(x) = Cup, (x): (23)

Due to the orthogonality of the modes we nd again that theage AM as well as the energy
are the same in interference and superposition, while gpetive densities will in general be
different. In particular, at the focal plane the orbital AMes not show any azimuthal modula-
tion, even in the case of interference, and the spin dersityiform. However, the details of
the pattern of both the superimposed and interfering beaperal on the propagation distance
Z, maintaining constargveragevalues at different planes. Here we focus on the local spin ge
eration induced by the respective Gouy phase$ eX@p;+ j'j+ 1) tan Yz=zr)] (j = 1;2) of
superposed beams with different radial indekeBhe relative Gouy phase introduces local po-
larization gradients, and hence non-vanishing spin AM iigris the form of opposite circular
polarizations over different circles, as shown in Fig. 5tHa example, there is no spin at the
focal plane, as the relative phase of the beams is vanishiergwhere, while foz6 0 we see
two circles of opposite spin (see the radial plot of the sailtating from positive to nega-
tive values in the left panel of Fig. 5). The Gouy phase is ah fodiction ofz and so the spin
density before and after the focal plane takes oppositeesglcompare panels fa=  0:5zr
and+ 0:5zr in Fig. 5). Trappingoire fringent particles near to a liquid surface and moving the
focal planeawayfrom the liquid surface should make it possible to show, expentally, the
effects of the Gouy phase and of the variation of the polddmgattern in different planes by
observing the variation of the angular velocities of trappbjects. An interesting arrangement,
fully exploiting the possibility to change rotation direms by moving the beam focal plane,
would be a set-up with two concentric circular gears. Sucareangement might be useful both
for micromachining and micro uidic applications.

Finally if U andV are in the same spatial mode € “»; p1 = p2) we have a single mode
beam. Then, the orbital AMPE in superposition and interfeeeis the same in spite of the
fact that their energies and orbital AM are generally défgr In other words, in this trivial

3Note that the radial index enters also in the normalizatiahiarthe Laguerre polynomia.lj,;j of LG modes.



case energy and AM interfere in the same way. No polarizaatterns (local polarization
gradients) appear in this case and the spin of the wave depeid on the relative (global)
phases of the superimposed waves (the local and globalpiexpef the spin are the same).

3.2. Interfering and superposing multimode beams

LG modes are the “simplest' beams carrying orbital AM. Inphevious section we have stud-
ied the case of interference and superposition of two LG mbdandV. The minimum degree
of complexity that can be added to this is by considering titéepns generated by superposing
two beams not in single mode but still containing, over aillydwo LG modes (same number
of spectral components than in previous section):

U= Ce%p, (07 V()= Cluo,()+ U, ()= 2 (24)

Note that (i)U andV have the same average energy and (ii) they are clearly raigohal, as
V results from the (constructive) interferenceugf, and another orthogonal mode € »).
This enables us to study the effects of both parallel andogdhal mode components. The
phaseq can be varied to have constructive or destructive intenfegebetweetd andV. For
p=2< q < p=2the interference of the parallel corgponentgiandV is constructivdeading

to a larger energy than in the superpositioh: = WS 1+ %9%1 . The average orbital AM is

- C?q9 3 P- 1
i 3, L
L, w2 2cosg 1 > 2 (25)
C2q 3 1
LS = 2 2o+ 2%, 2
z ow 2t 227 (26)

and it is easily seen that if, is positive therL, > LS, independently on the value of. If *;

is negative, on the other hand and in spite of the constridtiterference, the orbital AM is
smaller in the interference pattern than in the supermositine. The same result is obtained
for destructive interferencegp€2 < q < 3=2p) and negative 1. Assuming for simplicity that
“1; 2> 0, we conclude that interfering constructively the beard$ &ves more average orbital
angular momentum than superposing them. Surprisingly) évhere is more orbital AM in
the interference case, this does not always mean that therere orbital AMPE. In particular,
it is possible to obtain more AMPE in the superposition thathie constructive interference
case depending on the relative values pfind . In general we nd that (for constructive
interferencgqj < p=2)

L _ L

W W fOI’ ‘l < ) 2: (27)

For destructive interference the same result holds butfer ,. Remember that in the case of
orthogonal beams (previous section) the orbital AM as wetha orbital AM per photon were
the same in either interference or superposition. The stfithe interference and superposition
of the beams (24), with a low degree of spectral complexityy(bwo modes), shows thatven
if the average orbital AM is larger for constructively infering the beams than for superposing
them €osq > 0, "1 > 0), the superposition can still be more ef cient in providitite largest
orbital AMPE (if‘l <’ 2).

The beam obtained by superposing the two orthogonally izelédwaves (24) also carries an
average spin angular momentum. The main point is that omyp#rallel components (in the
orbital AM states) oflU andV can contribute to the spin, as discussed above (Eq. 18). From
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Fig. 6. Regions (shaded) in which there is more total AM (left) and moré AWPE
(right) in superposition than in interference, as function of the agghed" 1, for a xed
\2 = 2.

Egs. (24) it follows that the average spin AM is

2
S= pa%/sinq: (28)

Note thatS=W= = sinq:p 2w and for a relative phase @f = p=2, the spin per photon
would beh=" 24, The comparison between the interference and superpobitiams, including
also the spin, is obtained by comparison of the total AM

C2g) 3 1. P- .
s & 3. L
J; ow 21732 2sing (29)
with Eq. 25 @} = L1). It follows thatJ$ > Ji if
sing > 1cosq (30)

These simple relations provide the conditions to maxintiearésulting AM (and AMPE) chos-
ing between superposition and interference, as shown ir6Fig

4. Conclusion

The properties of angular momenta and energy of multimaye beams have been discussed,
illustrating their main differences with the case of singlé@ modes. The latter are known to
have energy and AM related by constant proportionalitydies;tboth locally and globally. On
the other hand, the interference of LG modes allows us tortdile mechanical properties
of these beams into different density pro les. Superpositdf orthogonal linearly polarized
beams was also discussed and we showed how the vectorialctéraof the electromagnetic
eld makes it possible to tune independently thandy components of the linear momentum
introducing also locally varying spin (polarization patts). Unlike interference, superposition
allows us to add both the energy and orbital AM of orthoggnpblarized eld components,
without introducing any azimuthal modulation.

The ability to engineer independently thecal density of orbital AM and energy opens up
the possibility to distinguish the respective effects ghtiintensity and optical AM in light-
matter interactions. In particular, the AM density can bexiimaim in regions of relatively low

4This value is less than expecte@iger photon for circularly polarized light) because the sar@erhodes forEy
andEy have different amplitudes.



intensity. This may have important implications in the extif optical trapping including, for
example, the possibility of rotating without burning. Slianly, if a small absorber is used to map
the transverse pro le of a generic beam then the fasteriootaitvill not necessarily be observed
in the regions of maximum intensity. We proposed an experirteeclarify the distinctive role
of energy and AM by measuring the angular velocity of an dfisgrobject, trapped by a
multimode beam as it is focused. The generic picture of mechheffects in terms of the
absorption of photons carrying an average orbital AM is mpurapriate for mutlimode beams
and the local AM distribution needs to be evaluated. We a¢swidbed a simple way to create
polarization patterns, with azimuthal symmetry, providlgdhe Gouy phase. Superposing LG
modes with different radial indexes but the same helicitis possible to create patterns with
rings of opposite spin out of the focal plane, even if the agerspin AM is zero.

The global AM and AMPE of multimode beams were also discudé#dte component beams
are orthogonal then the same average orbital AM and eneagéefound in interference and
superposition, while the average spin is always zero, iadéently of the relative phase. On
the other hand, the global properties can be changed evenaiming the same two composing
LG modes when increasing the beam complexity: given theséR#1) we found (i) different
average AM and energies for interference and superpos(iipmith non-vanishing spin, and
(iif) we identi ed the conditions to have larger resultingyhand AMPE in superposition than
in interference depending on the phases and helicitieseaddmponent beams.
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