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Transient Periodic Rotating Waves and Fast Propagation of Synchronization in Linear Arrays
of Chaotic Systems
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We study the behavior of arrays of unidirectionally coupled Lorenz systems in the chaotic regime.
In the case of rings an instability in the uniform synchronized state leads to the appearance of a periodic
rotating wave through a symmetric Hopf bifurcation. From theoretical grounds it is argued that this
behavior must also manifest in the behavior of linear arrays. Numerically it is shown that this happens
in a transient way, leading to unexpected consequences in the velocity of synchronization, that becomes
larger. [S0031-9007(98)07541-3]

PACS numbers: 05.45.+b, 89.70.+c

Recently it has been shown that chaotic synchro- On the other hand, in recent work [12] it has been
nization [1,2] occurs in linear arrays of unidirectionally shown that rings of chaotic oscillators may exhibit an
coupled chaotic systems in the form of a synchronizationnstability in the uniform synchronized state through a
wave that spreads through the system [3,4]. In Ref. [3symmetric Hopf bifurcation. Interestingly, this bifurca-
we showed that this synchronization wave can be charadion leads in some cases, such as in the case of rings of
terized to have a constant velocity that depends linearly ohorenz systems, to the appearance of a periodic rotating
the slowest time scale in the system, quantitatively charwave with a frequency that is larger than the frequency
acterized by the largest conditioned Lyapunov exponentorresponding to the average distance between peaks in
[2] (corresponding to a single drive-response couple).  the chaotic state that corresponds to an uncoupled Lorenz

The aim of the present Letter is to show that, althougtsystem. More recently this behavior has been found ex-
the scenario presented above is expected to badheal  perimentally in a ring of Lorenz analog circuits [13]. The
one in this kind of systems, it is possible that interestinggoal of the present Letter is precisely to discuss the conse-
dynamical phenomena may occur in some circumstanceguences that have for linear arrays the occurrence of this
In the situation discussed here coherent transient wavesfurcation in the corresponding circular arrays. Other au-
appear in the system influencing the way in which the systhors had considered previously bifurcations of equilibria
tem approaches the synchronized state. This behavior &nd periodic solutions in circular arrays of periodic [14—
closely related [5] to the behavior of arrays made up withl6] and chaotic [17] cells.
the same basic cells, but with periodic boundary condi- The connections in the arrays of Lorenz oscillators
tions, i.e., in a ring geometry, although in unidirectionally[18] to be discussed in the present work are based
coupled linear arrays one no longer has a mechanism byn a generalization [19(a)] of a previously introduced
which a given oscillator can be affected by those that areonnection method [19(b)]. Within this scheme one may
down the chain. write the following evolution equations for the array:

The ground for this unexpected relationship between
linear and circular arrangements of discretely coupled | xj = o(y; = x;)
cells comes from recent studies showing the presence of | ¥j = Rx; —y; — x;z; j=1L...,N, (1)
hidden symmetries, i.e., symmetries that appear in sys- Zj=xjy;j — bz
tems in which the underlying differential equations have
more symmetry than the boundary conditions. In parwherex; = aXx; + (1 — a)x;, with x; = x;_; for j #
ticular, Armbruster and Dangelmayr [6] observed thatl, introduces the coupling afd= « = 1. The boundary
reaction-diffusion systems satisfying Neumann (free-end¥onditions enter throughy that takes the valug; = xy
boundary conditions on an interval can be extended tfor circular arrays, while for linear arrays it i§ = x;.
intervals with twice the length that satisfy periodic bound-The main usefulness of the introduction of the parameter
ary conditions, i.e., a circle. This extension introducese in this context is that it allows one to control the
additional rotational (hidden) symmetries in the systemstability of the connection. The case= 1 corresponds
These ideas allowed Crawfoet al. [7] to analyze prop- to the original method [19(b)], i.ex; = X;.
erly the experimental results on parametrically forced The reason why the bifurcation that leads to stable pe-
waves [8]. Other studies of hidden symmetries on a varifiodic rotating waves for circular arrays cannot yield this
ety of systems are those of Refs. [9-11]. behavior in linear arrays is the unidirectional character of
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the coupling. In fact, it has been shown [20] that for thisterm [details of the connection are along the discussion
type of coupling the first element imposes its behaviorafter Eq. (1)].
to the whole array, in agreement with our previous find- Now we shall try to argue that this behavior comes
ings [3,4]. However, the presence of a hidden symmefrom a hidden symmetry in the linear array. Theé
try leads to an interesting global transient behavior in theoupled oscillators in the linear array exhibit a global
linear array. Once the first element starts to drive thesymmetric Hopf bifurcation that is related [5] to that
array, one would expect [3] that chaotic synchronizatiorexhibited by a circular array withV oscillators [12], with
would happen as a synchronization wave with constanthe difference that this behavior must be transient in the
velocity spreads through the system, i.e., the second osciinear array. Although Fig. 1(a) is quite informative, its
lator would become synchronized with the first while theinterpretation is made more difficult by the fact that as
other elements in the array evolve freely, then the thirdone has a relatively large number of oscillata¥s€ 11),
with respect to the second one, etc. more than one mode becomes unstable and the behavior
However, this is not the behavior of a linear array ofis characteristic of a number of these modes in the form
Lorenz oscillators connected accordingly to Eqg. (1), aof a beat wave. Figure 2(a) shows results for a ring
can be seen from Fig. 1(a), where the case of a linear awith 2N = 8 Lorenz oscillators coupled accordingly to
ray with N = 11 Lorenz oscillators is considered. Before (1), while Fig. 2(b) shows results corresponding to the
attaining the asymptotic synchronous chaotic behavioanalogoud5] linear array withN = 4 Lorenz oscillators.
the oscillators engage in a surprising transient collectivehe value ofa in the (identical) connections has been
behavior in whichall the driven oscillators participate. chosen such as to excite just one mode in the ring
Or, in other words, the whole array, while still unsynchro-(for « = 1 the second mode is excited froW = 6,
nized with the drive (master) oscillator, is under its influ-what would imply that one should with a linear array
ence, and the different oscillators perform a kind of coor-of just two oscillators in order to obtain transient waves
dinated behavior in which neighboring oscillators appeamwith approximately constant amplitude). The similarity
to differ by a2+ /N phase one to each other. Notice thatbetween both behaviors is striking, although, of course,
in the time window shown in the plot a small number of fine details such as the period and detailed shape of the
oscillators are already synchronized. Notice also that thevaves are not identical, due to the presence of the first
time scale of this chaotic synchronized behavior is abouelement in the array that influences the oscillators with its
1 order of magnitude longer than that of the periodic be-chaotic behavior [in Fig. 1(b) this effect is more apparent
havior, i.e., it is a fast bifurcation, in agreement with thein the valleys of the waves].
conclusions of Refs. [12,13]. For comparison, Fig. 1(b) The previously mentioned global bifurcation occurring
displays the behavior exhibited by an array for whichin linear arrays of Lorenz oscillators has another effect
the collective behavior does not appear, namely, that in
which the connection takes place in the= o(y; — x;)
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of Lorenz oscillators coupled following (1): (&) A ring of

FIG. 1. (a) Representation of variablevs time in a linear eight oscillators exhibiting a (stable) periodic rotating wave;

array of 11 Lorenz oscillators (a) when they are connectedb) a linear array of four oscillators that according to the

according to (1), showing the coherent (periodic) in their ap-theoretical analysis is homologous to the latter. The parameters

proach to chaotic synchronization; (b) when they are conare o = 10, R = 28, b = 8/3, and @ = 0.35. Notice that

nected according to Eg. (3) in Ref. [19(b)], showinghermal  « has been chosen such that a ring with this size sustains a

approach to synchronization. The parameters are= 18, single mode, as witlw = 1 one would have two modes, and

R =28,b =8/3,anda = 1. accordingly a beat wave.
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3.5 ; : . — l - due to the circulant structure of the problem [21,22] taking
3t _a P the form
1 o
25+ .‘-; - ,’-’(k) =W "l(k), 2)
L D - . .
. T where they®) are the Fourier transforms of the differences
T "_,,,«»-““ 1 between the variables of contiguous oscillators, and the
Lr J_M,,,»—"' 1 structure of each block is
% 3 4 5 6 7 s 4 o 0
i CO=|®R -2 -1 —x|, 3)
FIG. 3. Dependence of the velocities of synchronization in a y x —b

linear array of Lorenz oscillators (1) on the two largest con- . * . .
ditioned Lyapunov exponents of the system. The parameterdith R™ = R[1 + alex — 1], er = expli 27 k/N),

areb = 8/3, R = 28, anda = 1, while o varies in the range andk =0,...,(N — 1).

6 = o = 19 uniformly spaced by.5 (|A;| grows witho). The Because of the presence of time-dependent, chaotically

point in which the two largest conditioned Lyapunov exponentsyarying coefficients in (3), the characterization of the

are no longer approximately degenerate is located at 13.  giapility problem associated with rings of chaotic systems

The velocities corresponding to thgpical valueso = 10 and . he d S fth ding L

o = 18 are represented by using a crossed square. requires the determination of the corresponding Lyapunov
spectrum that will depend on the discrete wave number
k. The uniform (chaotic synchronized) state will be

in the way in which synchronization propagates in thesstable whenever the transverse spectrum, corresponding
systems: chaotic synchronization now propagates fastdp theé modesc # 0, remains negative. In Ref. [23] we
than in systems that do not exhibit this transition to pelntroduced a convenient way of discussing the stability
riodic discrete rotating waves when they are arranged iff these rings, through the analysis of the generalized
ring geometries. In previous work [3,4] we showed thatdiSpersion relation\(¢) versusg, see Fig. 4, whera(q)

the normal situation is that chaotic synchronization propa-iS the largest Lyapunov exponent obtained from (3) and
gates at a constant velocity that depends linearly on thé = /N € [0,1]. Notice that this does not imply that
largest conditioned Lyapunov exponent of the connectioVe &ré defining any property related to the behavior of
[2]. Figure 3 contains the representation of the depen@ PhysicalV =1 oscillator, it is just a convenient way
dence of the synchronization velocity in linear arrays of0f characterizing once for all the behavior of arbitrary
the Lorenz system with different values for the parame-s'zed rings of identical os_cnlators (for fixed values_ of
ter o in the range[6, 19] versus the largest two condi- th_e parameters p_f the oscillators). From the anaIyS|_s of
tioned Lyapunov of the connection; and A,, that vary Fig. 4, an instability in the sync'hronlzed state of 'ghe ring
with . The velocity of synchronization is obtained by Should occur whenever there is a value gof fulfilling
studying the time that is needed for synchronization as 4(¢c) = 0, implying this will happen forNV = N, with
function of the number of elements in the array, and pere = k/qc, and wheret is the mode index corresponding
forming, then, a linear fit. As this velocity depends ontO the crossing. In the case that the arrays are designed
the initial conditions it is obtained by carrying out an av- by Using connection (1) the behavior past the instability
erage over a large number of realizations (different initialCOTr€Sponds to periodic rotating waves [12].

conditions). On the other hand, the second transverse Lyapunov

In the representation versus the largest conditione§XPonent is always negative for any value @f The
exponent,\;, it can be clearly seen that there is a point2SPect that this stability analysis illustrates is that the

at which the slope changes, located at= 13, such

that beyond that point synchronization propagates faster.
Notice also that the velocity of synchronization scales
linearly with the second largest conditioned Lyapunov
exponent that defines a shorter time scale. This crossover

is associated with the fact that in purity, and due to the =
type of collective behavior occurring in the array, the I
stability analysis of a single driven system is no longer
representative of the behavior of the array. Instead, one
should consider the type of analysis that we carried out in ] , , ,
Ref. [12] to characterize the stability of the synchronized 0 0.1 02 g 03 04 0.5

state of rings of coupled oscillators. Thus, if one ConSIder?—lG. 4. Representation of the generalized dispersion relation

a ring comprisingV oscillat-ors Of dimensionn, then A(q) versusq for the case of a circular array of Lorenz systems
the coupledN m) X (N m) dlmens!onal problem can be connected in the form (1). See text for explanation. The
decoupled through the use of the discrete Fourier transforiparameters are = 10, b = 8/3, R = 28, anda = 1.

0 m
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second largest exponent in the array(q), is quite flat anism by which the oscillators receive an influence from
in a range of values of the reduced wave number those that are down the chain. Or, in other words, despite
and this appears to be true in the range of valuesrof the unidirectional character of information transmission,
considered in the study of Fig. 3. Instead, as the ringhere is a subtle mechanism by which information travels
exhibits a periodic wave behavior, it is positive (in the also in the reverse (upstream) direction,
unstable region) near the onset of instability. Afterwards This work was supported in part by DGICYT and by
it will be negative, and apparently more negative thanJCL (Spain) under Research Grants No. PB95-0570 and
the formerly second largest exponent. Thus, when tryindNo. SA30/97, respectively.
to scale the velocity of synchronization with properties
of a single driven system, the second largest conditioned
exponent appears to be a more suitable parameter to be
used as reference. Finally, and as noticed above, the *Email address: mam@sonia.usal.es
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