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Transient Periodic Rotating Waves and Fast Propagation of Synchronization in Linear Arrays
of Chaotic Systems
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We study the behavior of arrays of unidirectionally coupled Lorenz systems in the chaotic regime.
In the case of rings an instability in the uniform synchronized state leads to the appearance of a periodic
rotating wave through a symmetric Hopf bifurcation. From theoretical grounds it is argued that this
behavior must also manifest in the behavior of linear arrays. Numerically it is shown that this happens
in a transient way, leading to unexpected consequences in the velocity of synchronization, that becomes
larger. [S0031-9007(98)07541-3]

PACS numbers: 05.45.+b, 89.70.+c
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Recently it has been shown that chaotic synchr
nization [1,2] occurs in linear arrays of unidirectionally
coupled chaotic systems in the form of a synchronizatio
wave that spreads through the system [3,4]. In Ref. [
we showed that this synchronization wave can be char
terized to have a constant velocity that depends linearly
the slowest time scale in the system, quantitatively cha
acterized by the largest conditioned Lyapunov expone
[2] (corresponding to a single drive-response couple).

The aim of the present Letter is to show that, althoug
the scenario presented above is expected to be thenormal
one in this kind of systems, it is possible that interestin
dynamical phenomena may occur in some circumstanc
In the situation discussed here coherent transient wav
appear in the system influencing the way in which the sy
tem approaches the synchronized state. This behavio
closely related [5] to the behavior of arrays made up wi
the same basic cells, but with periodic boundary cond
tions, i.e., in a ring geometry, although in unidirectionall
coupled linear arrays one no longer has a mechanism
which a given oscillator can be affected by those that a
down the chain.

The ground for this unexpected relationship betwee
linear and circular arrangements of discretely couple
cells comes from recent studies showing the presence
hidden symmetries, i.e., symmetries that appear in sy
tems in which the underlying differential equations hav
more symmetry than the boundary conditions. In pa
ticular, Armbruster and Dangelmayr [6] observed tha
reaction-diffusion systems satisfying Neumann (free-en
boundary conditions on an interval can be extended
intervals with twice the length that satisfy periodic bound
ary conditions, i.e., a circle. This extension introduce
additional rotational (hidden) symmetries in the system
These ideas allowed Crawfordet al. [7] to analyze prop-
erly the experimental results on parametrically force
waves [8]. Other studies of hidden symmetries on a va
ety of systems are those of Refs. [9–11].
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On the other hand, in recent work [12] it has bee
shown that rings of chaotic oscillators may exhibit a
instability in the uniform synchronized state through
symmetric Hopf bifurcation. Interestingly, this bifurca-
tion leads in some cases, such as in the case of rings
Lorenz systems, to the appearance of a periodic rotati
wave with a frequency that is larger than the frequenc
corresponding to the average distance between peaks
the chaotic state that corresponds to an uncoupled Lore
system. More recently this behavior has been found e
perimentally in a ring of Lorenz analog circuits [13]. The
goal of the present Letter is precisely to discuss the cons
quences that have for linear arrays the occurrence of t
bifurcation in the corresponding circular arrays. Other au
thors had considered previously bifurcations of equilibri
and periodic solutions in circular arrays of periodic [14
16] and chaotic [17] cells.

The connections in the arrays of Lorenz oscillator
[18] to be discussed in the present work are bas
on a generalization [19(a)] of a previously introduce
connection method [19(b)]. Within this scheme one ma
write the following evolution equations for the array:8><>:

Ùxj ­ ssyj 2 xjd
Ùyj ­ R xj 2 yj 2 xj zj

Ùzj ­ xj yj 2 b zj

9†=†; j ­ 1, . . . , N , (1)

wherexj ­ a xj 1 s1 2 ad xj , with xj ­ xj21 for j fi

1, introduces the coupling and0 # a # 1. The boundary
conditions enter throughx1 that takes the valuex1 ­ xN

for circular arrays, while for linear arrays it isx1 ­ x1.
The main usefulness of the introduction of the paramet
a in this context is that it allows one to control the
stability of the connection. The casea ­ 1 corresponds
to the original method [19(b)], i.e.,xj ­ xj .

The reason why the bifurcation that leads to stable p
riodic rotating waves for circular arrays cannot yield thi
behavior in linear arrays is the unidirectional character
© 1998 The American Physical Society
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the coupling. In fact, it has been shown [20] that for thi
type of coupling the first element imposes its behavio
to the whole array, in agreement with our previous find
ings [3,4]. However, the presence of a hidden symm
try leads to an interesting global transient behavior in th
linear array. Once the first element starts to drive th
array, one would expect [3] that chaotic synchronizatio
would happen as a synchronization wave with consta
velocity spreads through the system, i.e., the second os
lator would become synchronized with the first while th
other elements in the array evolve freely, then the thi
with respect to the second one, etc.

However, this is not the behavior of a linear array o
Lorenz oscillators connected accordingly to Eq. (1), a
can be seen from Fig. 1(a), where the case of a linear
ray with N ­ 11 Lorenz oscillators is considered. Before
attaining the asymptotic synchronous chaotic behavi
the oscillators engage in a surprising transient collecti
behavior in whichall the driven oscillators participate.
Or, in other words, the whole array, while still unsynchro
nized with the drive (master) oscillator, is under its influ
ence, and the different oscillators perform a kind of coo
dinated behavior in which neighboring oscillators appe
to differ by a2pyN phase one to each other. Notice tha
in the time window shown in the plot a small number o
oscillators are already synchronized. Notice also that t
time scale of this chaotic synchronized behavior is abo
1 order of magnitude longer than that of the periodic b
havior, i.e., it is a fast bifurcation, in agreement with th
conclusions of Refs. [12,13]. For comparison, Fig. 1(b
displays the behavior exhibited by an array for whic
the collective behavior does not appear, namely, that
which the connection takes place in theÙxj ­ ssyj 2 xjd
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FIG. 1. (a) Representation of variablex vs time in a linear
array of 11 Lorenz oscillators (a) when they are connect
according to (1), showing the coherent (periodic) in their ap
proach to chaotic synchronization; (b) when they are co
nected according to Eq. (3) in Ref. [19(b)], showing anormal
approach to synchronization. The parameters ares ­ 18,
R ­ 28, b ­ 8y3, anda ­ 1.
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term [details of the connection are along the discussio
after Eq. (1)].

Now we shall try to argue that this behavior comes
from a hidden symmetry in the linear array. TheN
coupled oscillators in the linear array exhibit a globa
symmetric Hopf bifurcation that is related [5] to that
exhibited by a circular array with2N oscillators [12], with
the difference that this behavior must be transient in th
linear array. Although Fig. 1(a) is quite informative, its
interpretation is made more difficult by the fact that as
one has a relatively large number of oscillators (N ­ 11),
more than one mode becomes unstable and the behav
is characteristic of a number of these modes in the form
of a beat wave. Figure 2(a) shows results for a ring
with 2N ­ 8 Lorenz oscillators coupled accordingly to
(1), while Fig. 2(b) shows results corresponding to the
analogous[5] linear array withN ­ 4 Lorenz oscillators.
The value ofa in the (identical) connections has been
chosen such as to excite just one mode in the rin
(for a ­ 1 the second mode is excited fromN $ 6,
what would imply that one should with a linear array
of just two oscillators in order to obtain transient waves
with approximately constant amplitude). The similarity
between both behaviors is striking, although, of course
fine details such as the period and detailed shape of t
waves are not identical, due to the presence of the fir
element in the array that influences the oscillators with it
chaotic behavior [in Fig. 1(b) this effect is more apparen
in the valleys of the waves].

The previously mentioned global bifurcation occurring
in linear arrays of Lorenz oscillators has another effec
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FIG. 2. Representation of variablex vs time for in arrays
of Lorenz oscillators coupled following (1): (a) A ring of
eight oscillators exhibiting a (stable) periodic rotating wave
(b) a linear array of four oscillators that according to the
theoretical analysis is homologous to the latter. The paramete
are s ­ 10, R ­ 28, b ­ 8y3, and a ­ 0.35. Notice that
a has been chosen such that a ring with this size sustains
single mode, as witha ­ 1 one would have two modes, and
accordingly a beat wave.
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FIG. 3. Dependence of the velocities of synchronization in
linear array of Lorenz oscillators (1) on the two largest co
ditioned Lyapunov exponents of the system. The paramet
areb ­ 8y3, R ­ 28, anda ­ 1, while s varies in the range
6 # s # 19 uniformly spaced by0.5 (jlij grows withs). The
point in which the two largest conditioned Lyapunov exponen
are no longer approximately degenerate is located ats ø 13.
The velocities corresponding to thetypical valuess ­ 10 and
s ­ 18 are represented by using a crossed square.

in the way in which synchronization propagates in the
systems: chaotic synchronization now propagates fas
than in systems that do not exhibit this transition to p
riodic discrete rotating waves when they are arranged
ring geometries. In previous work [3,4] we showed th
thenormalsituation is that chaotic synchronization propa
gates at a constant velocity that depends linearly on
largest conditioned Lyapunov exponent of the connecti
[2]. Figure 3 contains the representation of the depe
dence of the synchronization velocity in linear arrays
the Lorenz system with different values for the param
ter s in the rangef6, 19g versus the largest two condi-
tioned Lyapunov of the connection,l1 andl2, that vary
with s. The velocity of synchronization is obtained b
studying the time that is needed for synchronization as
function of the number of elements in the array, and pe
forming, then, a linear fit. As this velocity depends o
the initial conditions it is obtained by carrying out an av
erage over a large number of realizations (different initi
conditions).

In the representation versus the largest condition
exponent,l1, it can be clearly seen that there is a poin
at which the slope changes, located ats ø 13, such
that beyond that point synchronization propagates fas
Notice also that the velocity of synchronization scale
linearly with the second largest conditioned Lyapuno
exponent that defines a shorter time scale. This crosso
is associated with the fact that in purity, and due to th
type of collective behavior occurring in the array, th
stability analysis of a single driven system is no long
representative of the behavior of the array. Instead, o
should consider the type of analysis that we carried out
Ref. [12] to characterize the stability of the synchronize
state of rings of coupled oscillators. Thus, if one conside
a ring comprisingN oscillators of dimensionm, then
the coupledsN md 3 sN md dimensional problem can be
decoupled through the use of the discrete Fourier transfo
4126
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due to the circulant structure of the problem [21,22] takin
the form

Ùhskd ­ Cskd hskd, (2)

where thehskd are the Fourier transforms of the difference
between the variables of contiguous oscillators, and
structure of each block is

Cskd ­

0B@ 2s s 0
sR? 2 zd 21 2x

y x 2b

1CA , (3)

with R? ­ R f1 1 a sek 2 1dg, ek ­ expsi 2p kyNd,
andk ­ 0, . . . , sN 2 1d.

Because of the presence of time-dependent, chaotic
varying coefficients in (3), the characterization of th
stability problem associated with rings of chaotic system
requires the determination of the corresponding Lyapun
spectrum that will depend on the discrete wave numb
k. The uniform (chaotic synchronized) state will b
stable whenever the transverse spectrum, correspond
to the modesk fi 0, remains negative. In Ref. [23] we
introduced a convenient way of discussing the stabil
of these rings, through the analysis of the generaliz
dispersion relationlsqd versusq, see Fig. 4, wherelsqd
is the largest Lyapunov exponent obtained from (3) a
q ­ kyN [ f0, 1g. Notice that this does not imply tha
we are defining any property related to the behavior
a physicalN ­ 1 oscillator, it is just a convenient way
of characterizing once for all the behavior of arbitrar
sized rings of identical oscillators (for fixed values o
the parameters of the oscillators). From the analysis
Fig. 4, an instability in the synchronized state of the rin
should occur whenever there is a value ofqc fulfilling
lsqcd ­ 0, implying this will happen forN $ Nc, with
Nc ­ kyqc, and wherek is the mode index corresponding
to the crossing. In the case that the arrays are desig
by using connection (1) the behavior past the instabil
corresponds to periodic rotating waves [12].

On the other hand, the second transverse Lyapun
exponent is always negative for any value ofq. The
aspect that this stability analysis illustrates is that t

FIG. 4. Representation of the generalized dispersion relat
lsqd versusq for the case of a circular array of Lorenz system
connected in the form (1). See text for explanation. Th
parameters ares ­ 10, b ­ 8y3, R ­ 28, anda ­ 1.
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second largest exponent in the array,l2sqd, is quite flat
in a range of values of the reduced wave numberq,
and this appears to be true in the range of values ofs

considered in the study of Fig. 3. Instead, as the rin
exhibits a periodic wave behavior, it is positive (in the
unstable region) near the onset of instability. Afterward
it will be negative, and apparently more negative tha
the formerly second largest exponent. Thus, when tryin
to scale the velocity of synchronization with propertie
of a single driven system, the second largest condition
exponent appears to be a more suitable parameter to
used as reference. Finally, and as noticed above, t
velocity of synchronization scales linearly in a range o
values of the parameters,6 # s # 13, with the largest
conditioned exponent because for that range the tw
largest transverse exponents corresponding to a sin
drive-response couple are approximately degenerate in t
range (this can be understood very easily by performin
the averaging approximation introduced in Ref. [24]). Fo
instance, for the parameters from which Fig. 4 has be
calculated these exponents were reported in Ref. [19(b
to be f23.9513, 24.0420, 25.6734g; this corresponds
to s ­ 10.

To summarize, we have discussed the unexpect
consequences of a recently reported transition in circ
lar arrays of unidirectionally coupled chaotic systems t
a periodic discrete rotating wave behavior [12,13] o
the behavior of linear arrays of the same systems. Th
connection comes through the existence of the recen
studied presence of hidden symmetries that imply th
appearance of solutions that have more symmetry th
that of the boundary conditions (limited, however, by th
symmetry of the equations themselves). The unidire
tional character of the coupling implies that ultimately
the first oscillator in the array will impose its behavio
to the whole system, and, thus, that the influence of th
behavior of the circular array will be of transient type (in
the circular array the periodic rotating wave is asymptot
cally stable). An implication of this global bifurcation is
that the approach to the synchronized state will be fas
than in thenormal case [3,4], in which the circular ar-
ray does not exhibit this bifurcation. Indeed, the slowe
time scale in the system will approximately depend no
on the second largest transverse Lyapunov exponent o
drive-response couple. In addition, interesting transie
phenomena occur in the way in which the oscillators a
proach the synchronized state. It no longer happens th
the oscillators approach the synchronized state sequ
tially, engaging, instead, in a kind of global bifurcation
in which the whole array engages in a highly correlate
behavior soon before synchronization occurs. This co
related behavior also involves the kind of rotating wav
seen for the circular arrays, although now it has a tra
sient nature. An interesting feature of this bifurcation i
linear arrays of unidirectionally coupled oscillators is tha
this induced coherence provides the system with a mec
g
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anism by which the oscillators receive an influence from
those that are down the chain. Or, in other words, desp
the unidirectional character of information transmission
there is a subtle mechanism by which information trave
also in the reverse (upstream) direction,
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