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We investigate the effects of aging in the noisy voter model considering that the probability to change
states decays algebraically with age 7, defined as the time elapsed since adopting the current state. We
study the complete aging scenario, which incorporates aging to both mechanisms of interaction, herding
and idiosyncratic behavior, and compare it with the partial aging case, where aging affects only the
herding mechanism. Analytical mean-field equations are derived, finding excellent agreement with agent-based
simulations on a complete graph. We observe that complete aging enhances consensus formation, shifting the

critical point to higher values compared to the partial aging case. However, when the aging probability decays
asymptotically to zero for large z, a steady state is not always attained for complete aging.

1. Introduction

The dynamics of opinion formation in social systems is a rich and
complex subject, where various mechanisms influence how individuals
update their beliefs and how these updates aggregate to form collective
behaviors. The tools of statistical physics offer valuable insight into
this phenomenon, providing a natural framework for analyzing com-
plex systems with many interacting components [1-4]. The dynamics
of opinion formation can then be studied using concepts like phase
transitions, criticality, and symmetry breaking [5].

In many social models, individuals are assumed to update their
opinions by imitating others in their social network. However, this
imitation process is often imperfect, and the interplay of noise, arising
from factors such as independent choices or stochastic perturbations,
can profoundly affect the system’s collective behavior. Hence, one
fundamental aspect of the opinion formation process is the competition
between the drive toward uniformity (understood as consensus in this
context), which arises from social contagion and influence, and the
inherent diversity introduced by individual noise or random factors.

While traditional models of opinion dynamics, such as the voter
model [6-9], focus on deterministic rules of imitation, the incorpo-
ration of noise introduces stochasticity into the system, leading to a
variety of possible outcomes. These noisy dynamics can result in the
persistence of diversity in a population or, conversely, can promote the
emergence of consensus depending on the strength of social influence
and the level of randomness. Several noisy opinion dynamics models
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have been developed to capture this phenomenon, including the noisy
voter model [10-14], the noisy threshold voter model [15,16], and
noisy kinetic-exchange models [17,18]. In these models, the social
influence rule is typically modified to include a probabilistic element,
such that with a probability 1 — a, individuals update their opinion by
following the majority, while with probability a, individuals change
their opinion independently of others, introducing a “social temper-
ature” in the form of random noise. The parameter a controls the
strength of this randomness and therefore the system’s capacity to
reach consensus. When a is small, the system is more likely to exhibit
coherent behavior and reach a state of collective order, while larger
values of a hinder consensus formation, making it more difficult for
the system to settle into a common majority opinion.

In addition to the noisy dynamics of opinion formation, recent
studies have highlighted the importance of non-Markovian effects that
extend the traditional assumptions of the voter model. One such effect
is “latency time”, where agents remain inactive for a period after
changing their opinion, effectively introducing a delay in their ability
to engage in further social interactions. This delay can be thought of
as a memory effect, where past interactions influence future behavior,
even in the absence of immediate social influence. Palermo et al. [19]
have explored this phenomenon, showing that latency can significantly
alter the dynamics of opinion formation, slowing down the process of
consensus or fostering persistent disagreement in the system. Another
key non-Markovian effect is “persistence”, where agents, after adopting
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a particular opinion, become “transient zealots” [20,21]. These agents
exhibit a strong attachment to their opinion, resisting social influence
and thereby breaking the symmetry of the opinion dynamics. This
persistence can act as a stabilizing mechanism for a minority opinion,
preventing it from being absorbed into the majority, and can also delay
or prevent the system from reaching consensus.

Another non-Markovian effect that influences the dynamics of opin-
ion formation is that of “aging”, which refers to the tendency of indi-
viduals to become less susceptible to changing their opinions the longer
they hold a particular belief. Initially introduced as “inertia” [22],
aging has been shown to slow down the dynamics of opinion change,
potentially affecting both the time to reach consensus and the final state
of the system. Interestingly, while aging typically acts as a stabilizing
factor in the system, recent studies have demonstrated that the slowing
down of microscopic dynamics induced by aging can paradoxically
speed up the time needed for the system to reach a macroscopically
ordered consensus [22]. This counterintuitive result suggests that the
dynamics of opinion formation are not solely governed by the local
interactions between agents, but also by the underlying time-dependent
properties of the system, which can shift the system’s behavior in
nontrivial ways.

In its simplest form, aging extends the standard voter model by
introducing time-dependent transition rates that depend on the dura-
tion an agent has spent in a given opinion state. In particular, it is
considered that the transition rates for flipping opinions monotonously
decay as an agent spends more time in a particular opinion state. This
aging effect reduces the probability of switching opinions over time,
reflecting the increased resistance to change that naturally arises in
social systems as individuals become more rooted in their beliefs.

While previous studies [23,24] including our own work [25], have
explored the case where aging only affects social contagion, a situation
that we denote here by ‘“partial aging”, we now turn our attention
to the more general scenario of “complete aging”, where aging is
applied not only to the social contagion mechanism (the imitation
of neighbors’ opinions) but also to the random, noisy component of
the opinion dynamics. This extension allows us to explore how the
influence of aging on both social contagion and independent opinion
change affects the system’s behavior. Specifically, we seek to compare
the effects of partial and complete aging on the noisy voter model,
examining whether the different aging schemes lead to qualitatively
different behaviors in terms of consensus formation, the time to reach
equilibrium, and the stability of minority opinions. By comparing these
different aging scenarios within the framework of the noisy voter
model, we can identify the critical factors that determine whether
a social system will evolve toward consensus or remain in a state
of persistent disagreement, shedding light on the role of individual
resistance to opinion change in complex social systems.

The structure of the paper is organized as follows: In Section 2,
we describe the updating rules governing the stochastic process. In
Section 3, a mean-field description of the system under an adiabatic
approximation is provided and the particular form of aging considered
is specified. The main results of our research are presented in Section 4,
which is divided into two blocks. In Section 4.1, a comparative study
between partial and complete aging is performed with analytical results
supported by numerical simulations on complete graphs. A particular
case is explored in Section 4.2, where the adiabatic approximation
breaks down, revealing a distinct dynamical regime. Finally, concluding
remarks and perspectives for future research are discussed in Section 5.
The appendices contain the more technical details of the calculations
and some additional figures.

2. The model: noisy voter with aging
Consider a set of N agents, each of them holding a binary state

variable s; € {—1,+1}, i = 1,..., N, representing the position of agent
i against or in favor of the topic under discussion. Agents can change
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their state due to either social influence — by a non-reciprocal pairwise
interaction of simple contagion — or randomly, otherwise known as
idiosyncratic changes. In addition, each agent i holds an internal age
variable 7; = 0,1,2, ..., representing the number of consecutive failed
attempts to change.

Let us describe explicitly the evolution rules of the model. Initially,
each state variable s; takes a random value and all internal times z; are
set to zero. Then,

1. An agent i is randomly selected.

2. With probability (1 — a), the social rule is chosen and activated
with probability ¢(z;). In that case, agent i copies the state of a
randomly chosen neighbor j, s; — s;.

3. Otherwise, with probability a, the idiosyncratic rule is chosen
and activated with probability g(z;). If this happens, the state s;
randomly takes one of the two possible values.

4. Regardless of the update mechanism used by agent i, its internal
age is updated as follows: If the state s; changes, the age is reset
to 0, i.e., 7; » 0. Otherwise, the age is incremented by one unit,
ie, ;> 7+ 1

Time is measured in Monte Carlo steps (MCS), so that one unit of
time corresponds to N repetitions of this process. Thus, on average,
each agent is selected once per MCS.

The functions ¢(r) and §(z) represent the resistance of individuals
to accept the changes arising from herding or idiosyncratic behavior,
respectively, as a function of their age . From this point on, we adopt
the notation ¢, = ¢(r) and ¢, = §(z) for simplicity.

In the next section, we present a mean-field description of the noisy
voter model for generic forms of the aging kernels ¢, and g,.

3. Mean-field description

We consider the mean-field scenario, or all-to-all coupling, where
every individual is a neighbor of any other individual. Let us denote
by x} the fraction of agents in state +1 and age 7, and by x = }'°0 | xF
the corresponding global fraction. As detailed in Appendix A, it is
possible to obtain rate equations providing the dynamical evolution of
x}(7) and x*(r). Under the assumption that the microscopic variables x}
quickly reach the steady state and can be adiabatically eliminated, one
obtains the following closed evolution equation for the global variable x

(see Appendix A for details)

% = G(x) =3 [(1 = 0P(x) ~xb(1 - x)] +
+ (1 — a)x(1 — x) [B(x) — D(1 — %)], ')}
where the functions @(x), @(x) are given by
Z:io ‘IrFr(x) ~ Z:OZO tifFT(X)
DPX)= ———— P = ———— (2)
D Y A IR o XS
with
7—1
Ry =1, Fo =A@, =1, ®)
k=0
and
A(z,q,a):a(l—%)+(1—a)(1—z). @

The steady-state solutions, xg, are found by setting G(x) = 0 in
Eq. (1). From the structure of Eq. (1), it is clear that xi, = 1/2 is
a fixed point of this dynamical system. This solution corresponds to
the scenario in which the population is evenly split, with exactly half
holding each of the two opinions. This corresponds to a polarized
society or, from the viewpoint of statistical physics, a disordered state.
Moreover, the invariance of Eq. (1) under the transformation x - 1 —x
implies that any additional solutions must occur in symmetric pairs, x;
and 1-xg. Hence, we consider, without loss of generality, 1/2 < xg < 1.
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The stability of these fixed points is determined by the sign of the
derivative of G(x) evaluated at each solution, i.e., dG(x)/dx| Xexg

As long as xg > 1/2, the +1 opinion will be held by a majority of
the population, a situation that is recognized as consensus or order. Our
primary interest lies in identifying non-trivial steady-state solutions of
Eq. (1) and investigating the transitions between these solutions and
the disordered one that arise as the model parameters are varied.

By setting 4, = g, = 1, which implies ®(x) = ®(x) = 1, Eq. (1)
becomes the rate equation of the noisy voter model without aging [10].
In this case, xi, = 1/2 is the only fixed point, which is stable and no
transitions are possible.

When considering aging effects, several functional forms for the
activation probability have been explored in the literature. In this work,
we adopt a rational function of the age

oo™ + qoT*

T ©
where ¢, g, € [0,1] denote the initial and asymptotic (r - o) values
of the function, respectively, and * > 0 characterizes the rate of change
of the aging kernel, such that the larger z*, the slower the function g,.
If g, < gy, the function ¢, decreases with age, a behavior commonly
referred to as aging. On the other hand, if ¢, > ¢, the function g,
increases with age, a phenomenon known as “anti-aging” [26]. This
latter case lies beyond the scope of this paper and we focus exclusively
on the aging scenario.

Most of the works in the literature that have considered this func-
tional form of aging have fixed the values of the parameters to ¢, =0,
gy = 1/2 and * = 2 [23,27-29]. Others have considered ¢,, = 0,
qy = 1, and general values of z* [24,25]. A detailed study in terms of
all parameters is performed in the case of the (noise-less) voter model
in Ref. [26].

In this work, we make two primary contributions. First, we extend
the analysis of the noisy voter model with partial aging presented in
Ref. [25] by incorporating the dependence on the asymptotic value g,
using the following scheme
eoT +T°
&= ©)
g, = 1.

Second, we explore the complete aging scenario, in which we also
include aging effects in the idiosyncratic behavior, assuming that the
same aging profile governs both mechanisms, namely
. Gt +T"
9 =4= "o
In both cases, we have set g, = 1, while g,, € [0,1]. This assumption
is made without loss of generality, as a different value for ¢, can be
reabsorbed in a global time scale factor, which is irrelevant for the
study of the steady-state solutions.

The scenario in which aging affects only the idiosyncratic mecha-
nism is not considered here, as it simply reproduces the phenomenology
of the noisy voter model without aging: the disordered state is the only
solution and no phase transition is possible.

T

)

4. Results

In this section, we present analytical results for the noisy voter
model with both partial and complete aging, complemented by numer-
ical simulations on complete graphs. The section is organized into two
parts.

The first part focuses on comparing the partial and complete aging
scenarios for ¢, > 0. We conduct a standard stability analysis of the
fixed points, examine the phase transition between coexistence and
consensus states, and analyze the agents’ age distribution.

The second part explores the special case g,, = 0. While the partial
aging scenario shows no significant deviations from the ¢,, > 0 case,
the complete aging scenario presents a unique phenomenology which
requires a more detailed investigation. This analysis is complicated
by mathematical difficulties related to the convergence of the series
appearing in Egs. (2).
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Fig. 1. Stationary magnetization, mg, versus the noise intensity, a, for two values of
d. and for (a) =* =2 and (b) v* = 10. Solid lines correspond to the numerical solution
of the stationary form of Eq. (1), while symbols represent the results of numerical
simulations of the agent-based model described in Section 2. In the simulations we
have considered a population of N = 10* agents, and averaged the magnetization over
10® MCS after a transient of 10° MCS.

4.1. Comparison of partial and complete aging for g, > 0

For both types of aging, partial and complete, a second order phase
transition from an ordered to a disordered state occurs at a critical
value of the noise intensity, denoted as a,. For a < a, Eq. (1) has a pair
of stable symmetric solutions xg, 1 — xg, while the disordered solution
xg = 1/2 is unstable. Although it is not possible to obtain an explicit
expression for these nontrivial solutions, they can be determined nu-
merically with high accuracy. For a > a., on the other hand, only the
solution xy = 1/2 exists and it is stable.

In Fig. 1, we plot the stationary magnetization, mg = |2x5 — 1], as
a function of the noise intensity, a, for different values of z* and
d- In the figure we include, in addition to the analytical results,
the outcomes of numerical simulations with N = 10* agents. The
strong agreement between the simulations and the analytical results
supports the validity of the adiabatic approximation introduced in the
theoretical treatment. However, some discrepancies are observed for
noise intensity values close to the critical point a.. These discrepancies
arise from the finite number of agents considered in the numerical
simulations, which contrasts with the thermodynamic limit N — o
assumed in the theoretical framework. The figure shows that the main
effect of complete aging is to increase the consensus region by shifting
the critical point a, to higher values. Furthermore, the case of complete
aging is more sensitive to the asymptotic level g, as can be observed
for both values of z* displayed in the figure.

Unfortunately, it is not possible to obtain an analytical expression
for the critical point a.. However, it can be determined numerically by
identifying the point at which the trivial solution xg = 1/2 changes its
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Fig. 2. Heat map of the critical value a. in the parameter space (g,,7*), in the case
of (a) partial aging and (b) complete aging. The results are derived from the numerical
solution of Eqgs. (8) and (9), respectively.

stability. This is achieved by solving the equation dG(x)/dx|,—;/, =0,
which leads to the relation [25]

1- ac)¢,(x)|x=1/2 =2a,, (€)]
in the partial aging case, and to the relation
D' ()ly=172 = 20, P =12, )

in the complete aging case. Note that in both Egs. (8) and (9), the func-
tion @(x) also depends on the critical value a.. By numerically solving
these equations, we can plot the critical value a. in the parameter space
(4 ) for both partial and complete aging, as shown in Fig. 2. Note
that in this figure brighter regions indicate higher values of a., and
that the vertical a. scales vary significantly in the cases of partial and
complete aging. For any combination of ¢,, and z* values, complete
aging yields a higher critical point g, than partial aging, illustrating
that complete aging enhances consensus among the population. While
the maximum values of a. are slightly higher than 0.2 for partial
aging, with complete aging we reach critical point values near 0.8. The
maximum values of a. occur for 7* ~ 1 and q,, < 107! in the case of
partial aging, and for z* ~ 1 and ¢, — 0 in the case of complete aging.
More generally, in the complete aging scenario, for any value of z* the
maximum value of g, is achieved in the limit g, — 0. Finally, note
that a lack of order, signaled by the vanishing of the critical value a,,
emerges in the limits of g, — 1 and 7* — oo due to the approach to
the aging-less case in these limits. No qualitative changes are observed
when smaller values of the g,, and r* parameters are considered. In
Fig. 3, we show horizontal (a, vs ¢,,) and vertical (a. vs 7*) slices of
the heat maps presented in Fig. 2.

In Fig. 4, we plot the average age of the agents in each state, namely,

+ _i +
()= Zmr, 10)
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Fig. 3. For both cases of partial and complete aging, we plot the critical value a,
against (a) 7* and (b) g,. These lines are derived from vertical and horizontal slices
of the heat maps in Fig. 2, respectively.

as a function of noise intensity a for two values of 7*. The outcomes
from numerical simulations with N = 10* agents are in good agreement
with the theoretical predictions, which are derived in Appendix B.
The mechanism underlying the phase transition exhibited in both
the partial and complete aging scenarios can be interpreted as a sym-
metry breaking related to the average age of the agents in each state. In
the disordered phase (a > a.), noise is the dominant update mechanism
and no state predominates over the other, resulting in all agents having
similar ages regardless of their state. The average ages in the complete
aging case are higher than in the partial aging case, as all state changes
(whether driven by noise or imitation) are influenced by age, making
it less likely for agents to flip their state. In the ordered phase (¢ < a.),
in contrast, there is a preferred opinion and state updates are mainly
driven by the imitation mechanism. As a result, agents supporting
the majority opinion change state less frequently and have a higher
average age compared to those supporting the minority opinion. This
leads to an asymmetric distribution of the quantities (z*), with the one
corresponding to the majority opinion predominating over the other.
This effect is even more pronounced in the complete aging scenario, as
age also influences state updates driven by noise, making it increasingly
unlikely for agents supporting the majority opinion to flip their state.

4.2. Complete aging for q,, =0

Unlike the partial aging scenario, the complete aging case for g, = 0
exhibits different behavior that must be studied separately. The deter-
mination of the function ®@(x) relies on the calculation of the required
series that appear in the numerator and denominator of Egs. (2). On the
one hand, the series in the numerator, given in Eq. (B.7), is convergent
for all values of x,a and 7*. On the other hand, the convergence of the
series in the denominator of Egs. (2) is not guaranteed. Therefore, the
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Fig. 4. Mean internal age (z*) of agents in state s = +1 versus the noise intensity a,
considering that the majority is in state +1. We have set ¢, = 10" and (a) z* =2
and (b) r* = 10. Symbols correspond to the results obtained in numerical simulations
with N = 10* agents, in which we have averaged over 10° MCS after a transient of
10° MCS. On the other hand, solid lines correspond to the theoretical solutions given
by Egs. (B.11) and (B.12).

explicit expression given in Eq. (B.6) is not always valid. The Raabe
criterion [30] leads us to the following condition for convergence
1

Alx,1,0) <1 - —, (€8]
T

such that
ZFT(x)= 2 F (l,r*/l(x,l,a);r*;l) 12)
=0

=1 : 1
_ m, 1fA(x,1,a)<1—;

00, otherwise.

The convergence condition in Eq. (11) becomes more intuitive when
rewritten as
1 2
>xf = ——— (— - ) R 13
Y S\ T a3
which implies that convergence is guaranteed for all values of x only
if x* < 0. This requirement leads to the condition

a>ad ==, (14)

whereas for a < a*, there exist certain values of x for which the sum
diverges and @(x) vanishes. Notably, when z* < 2, the convergence
condition cannot be satisfied for any a € [0, 1], as a* > 1.
Focusing on the region a > a*, the function @(x) can be expressed
as
[l - Alx,1,a)] - 1

D(x) = @ =Dl - Ax, 1,a)]

(15)
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which reduces Eq. (1) to the linear equation

dx T 2 1
z?—G“)—@*_n(;:‘ﬂ(X‘z)- a6
This equation presents a single fixed point at x;; = 1/2, which is stable
if a > a*. For a < a*, the solution would become unstable, but strictly
speaking, Eq. (16) is not valid in such region. Nevertheless, the value
obtained from the convergence condition, a*, represents the critical
value a. = ¢* in the case ¢, = 0.

The failure of the adiabatic approximation for ¢ < a, can be
understood by analyzing the time evolution of the age distribution
x}, as exemplified in Fig. 5. The rate equation for the global variable
x, Eq. (1), is derived through an adiabatic elimination, under the
assumption that the microscopic variables x* rapidly reach a stationary
state, leaving the dynamics primarily governed by the evolution of the
global variable. This approximation is always valid for ¢,, > 0, while
for q,, = 0, it holds only if a > a.. In these cases, the age distribution
reaches a steady state, and excellent agreement between simulations
and theory, given by Egs. (A.13), is observed. However, for g, = 0 and
a < a., the age distribution evolves indefinitely over time, making the
adiabatic approximation invalid even though the numerical integration
of the rate equations, Egs. (A.6) and (A.7), agrees with the simulation
results.

The observed bumps in the distribution for a < a4, in Fig. 5 can
be explained by the underlying microscopic dynamics. Initially, the
population splits into two distinct groups: a majority of young agents
and a minority of older agents. Young agents frequently change their
states, leading to the peak of the distribution occurring at = = 0.
In contrast, older agents undergo state changes much less frequently,
causing a bump in the distribution that aligns roughly with the time of
measurement. This effect is particularly pronounced in the case g, =0,
where state changes of the older agents are even less frequent.

The evolution of the overall age distribution for ¢, = 0 and a < a,
reveals a trend toward an aged population where transitions between
states are progressively more difficult, irrespectively of age. At the
beginning of the dynamics, when the agents have zero age, the system
rapidly evolves from the initial condition x = 1/2 toward one of the
two ordered states, say x = 0. Following this short regime, most agents
become older in the state —1 and young agents remain more likely
to change states. In the standard voter model, where a = 0 and only
the herding mechanism is activated, the majority drives the system
to the absorbing state x = 0 with an asymptotic power-law behavior
x(t) ~ 7, x}(t) ~ P! with exponent § = * [26]. When considering
the idiosyncratic mechanism, ¢ > 0, agents can change their state
independently, which slows the decay toward the ordered state x = 0.
In this case, it is found numerically that both x(r) and xaf(t) present the
same power-law decay x(r) ~ x3 () ~ t~# with an exponent g > 0 for
all the range a € (0,4.), see Appendix C. Random changes of state are
increasingly dominant as the system approaches consensus and, since
the aging probability is never strictly equal to zero for finite age z, there
is always a chance for the agents to change state even if the system
has reached the fully ordered state. Although the theory fails to predict
the stable solution x in this regime, it can be determined by taking
the limit g, — 0 of the stable solutions of Eq. (1) for ¢, > 0. As g,
decreases, the critical value a.(q,,) approaches a.(¢,, = 0) = ¢* and the
second-order transition becomes more abrupt, with the magnetization
my, taking the form of a step function. This phenomenon can be seen
in Fig. 6 in the case t* = 4, for which ¢* = 0.5. In the limit ¢, — 0,
mg = 1 across the entire range a € [0, a.). This phenomenon, combined
with the decay of x(r) and xa' (1), evidences that for all practical purposes
a first-order phase transition occurs from mg = 1 to my = 0 at a = q..
However, this result has yet to be rigorously demonstrated.

This transition can also be understood as a competition between
aging effects, characterized by r*, and idiosyncratic behavior governed
by a. For a < a, the aging probability decays sufficiently fast, driving
the system toward an ordered state. This is always the case when 7* < 2,
for which the corresponding a* is greater than 1. On the other hand,
for a > a, the system behaves as if aging were absent, rapidly reaching
the disordered state.
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Fig. 5. Time evolution of the normalized age distribution p} = x}/x* in the case of complete aging for z* = 4 showing behavior below (a = 0.2) and above (a = 0.9) the critical
point a, = 2/7*, respectively. Panels (a) and (b) correspond to g, = 0.01 while panels (c) and (d) correspond to g, = 0. Colored lines correspond to the results of numerical
simulations with N = 10° agents averaged over 10° trajectories for different times, as indicated in legend. Black dashed lines represent the mean-field prediction: obtained directly
from Egs. (A.13) in (a,b,d), or by numerical integration of the rate equations, Eqs. (A.6) and (A.7), in (c). Insets in panels (b) and (d) contain only the theoretical expression to
emphasize the exponential and power-law behavior, respectively. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of
this article.)
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Fig. 6. Magnetization, mg, versus the noise intensity, a, in the case of complete aging

for * = 4 and several values of g.,. The curves represent the numerical solution of the
stationary form of Eq. (1).

5. Conclusions

Previous studies on aging in the literature have exclusively con-
sidered memory effects that influence the herding mechanism. In this
paper, we extend the analysis of the noisy voter model with aging
by also incorporating the influence of memory effects on idiosyncratic
changes. We have derived a mean-field description for generic forms
of aging kernels that independently influence each mechanism of in-
teraction, allowing for potential future extensions. However, our study
specifically focuses on the case where the same algebraic aging governs
both mechanisms.

The complete aging scenario with ¢, > 0 is qualitatively similar
to the partial case, with a second-order phase transition occurring for
a critical value of the noise intensity, a.. However, compared to the

partial aging scenario, the consensus region expands due to a shift
of the critical value a. to higher values. Additionally, the asymmetry
between the average ages of agents in each state, (z*) becomes more
pronounced.
In contrast, the complete aging case exhibits a unique regime for
ds = 0. The adiabatic approximation becomes invalid for a < aq,
since the microscopic variables x¥ do not reach a steady state, evolving
indefinitely over time. However, numerical integration of the mean-
field equations still allows for accurate prediction of the results from
numerical simulations. The system evolves toward one of the ordered
states exhibiting a power-law decay over time. Although not rigor-
ously demonstrated, for all purposes, a first-order transition from a
completely ordered to a disordered state for a = a,. is observed.
Exploring alternative forms of the aging kernel could reveal new
features. In our previous work on the noisy voter model with partial
aging [25], we did not observe qualitatively different outcomes for al-
gebraic and exponential decays of the aging probability ¢(r). However,
in the context of complete aging, the power-law decay ¢q(z) ~ z~' may
represent a marginal case under certain conditions, as suggested by
previous work in the voter model [26]. Preliminary analysis indicates
that, for ¢, # 0, the system orders regardless of the decay rate of the
aging probability, while for ¢,, = 0, the behavior depends on the law
of decay. We conjecture that, for decays faster than 1/z, the system
orders in the same manner as in the case g,, # 0, while for slower
decays, the system becomes trapped in a frozen state. This conjecture
was verified for specific cases such g, ~ 1/7!/2, where order occurs, and
for the exponential decay case, g, ~ e~/*", where the system quickly
reaches a frozen state, determined by both the initial condition x(0) and
the noise intensity a. This issue requires further extensive investigation,
which we leave for future work.
Another promising direction for future research would be to move
beyond all-to-all interactions and explore the effects of complete aging
on opinion dynamics in random networks.
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Appendix A. Rate equations

Let us denote by x! the fraction of agents in state s = +1 and age
7 =0,1,.... Their corresponding rate equations are given by

dx;
=Q,-D=-Y 2@, 21, (A1)
s/

dt

where Q,,(7) = 2(s — s, 7) is the transition rate from state s to state s’
for an agent with age 7. The first term represents the updates for agents
with age 7 — 1 whose states did not change, leading to an increase in
their internal time by one unit, i.e., 7—1 — 7. The second term accounts
for the reduction of the number of agents in state s and with age z,
which occurs due to two possible outcomes:

1. The agent changes state (s — s’ # s) and becomes a new agent
in state s with age 0, hence decreasing x! and increasing xf)/.

2. The agent remains in the same state (s — s) but then its age
increases by one (r — 7+ 1), hence decreasing x? and increasing
S
xr+1 :
The case of agents with age r = 0 requires an special treatment, giving
the following rate equation

At 2
% = Z Z Qy(1)— z .QSS/(O), (A.2)

=0 s'#s s/

where the first term accounts for agents that, regardless of their age,
have changed their state to state s (s’ # s — s) and consequently its
internal time is reset to zero, r — 0, and the second term is analogous
to the one of Eq. (A.1).

Summing Egs. (A.1) and (A.2) over all values of 7, one obtains the
rate equations for the fraction of agents in state s as x* = 2 / x*, which
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reads

ddx; =¥y <95,S(r) - Qu/(r)>. (A3)

=0 s/

In order to derive the particular rate equations of our model, let
us explain in detail the rate Q2__(z), for which an agent with state
—1 and age 7 has been selected and does not change its state. First,
it has to be selected with probability x7. If the idiosyncratic rule is
selected, with probability «, the agent keeps its state if either the
mechanism is not activated, with probability 1 — §,, or if the rule is
activated, with probability 4., and the state —1 is selected at random,
with probability 1/2. If, on the other hand, the social rule is chosen,
with probability 1 — a, the agent remains in the same state if either the
copying mechanism is not activated, with probability 1 — ¢,, or if the
copying mechanism is activated, with probability ¢,, and a neighbor
with state —1 is chosen, with probability x~. These possible scenarios
lead to the rate

Q_(1)=xT [a <%’ +(1- q,)) +(—a)(gx +( - qr))] . (A.4)

The other rates £, can be calculated with similar reasoning. After
simplification, the final result is

Q@) =x;[52=3)+ 1 -a)l - x*q,)],
Q@ =x; |5+~ a)x+q,],
(A.5)
+|a. _
Q, (1) =x] 59 +(1—a)x q,],
Q@) =2} |52 =3)+ (1 - a1 - x—qf)],
where the relation x~ = 1 — x* has been used for convenience.
From these rates, one can write Egs. (A.1) and (A.2) as
dx;
o =Q__(r-1-x,
A.
dx} . (A.6)
= = Q, (-1 —-x],
for ¢ > 1, and
dx
d—o = §~++(1 —a)x"y* - Xy,
r (A7)
a'x(J _9 g . N
7 =37 + 1 —a)xTy" —x{,
for © = 0, where we have defined
[se] [se]
Y= quxi, 7= quxi. (A.8)
=0 =0

With the aim of obtaining a closed equation for the time evolution of
the global variables x*, we use an adiabatic approximation whereby we
assume that the microscopic variables x! rapidly arrive to the stationary
state and the time derivatives of Egs. (A.6) and (A.7) can be set to zero.
We remark that for complete aging and ¢,, = 0, this assumption does
not always hold, as discussed in Section 4.2. When valid, it leads to the
following recursive relation

x, =x, Fr(x+),

i A9
x:' = xa' F.(x7), (A-9)
with
7—1

Fyx) =1, F(0 =[x dpa, 21, (A.10)
k=0

and

A(z,q,a)=a(l—%)+(l—a)(l—z). (A.11)
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Summing Egs. (A.9) over all = > 0, we obtain

X=X Z F,(x%),
=0

o (A.12)
xt = xa’ Z F,(x7),
=0
which substituted in Egs. (A.9) leads to
_ _ F(xh
AT e
Z. B9 (A.13)
+ + F.(x7)
xT=x" —————,
! 2. F.(x)

which are now expressed in terms of the global variables x*.

On the other hand, adding Egs. (A.6) and (A.7) over all values of
7, we obtain the corresponding equations for the fraction x° of each
state s.

D45 =)+ (- )yt =Xy,

dt 2 (A.14)
dx* _ - o+ 1 +.— -+ '
o =9 Y )+ A —a)(xTy” —x7y").

Moreover, note that one of the two equations can be eliminated
since x* + x~ = 1. Then, to obtain a closed evolution equation for
the global variable x*, we need to express the variables y* and j°
appearing in Egs. (A.14) in terms of x*. This can be done by substituting
Egs. (A.13) into Egs. (A.8), yielding
yu=1-xNHouh),  yt=xted -x),

- - (A.15)
=1 -xHdE"), FH=xtd(1 -x*),
where we have introduced the functions
® q,F 3 ® §,F,
O(x) = M and d(x) = M_ (A.16)
Zr:O Ff(x) ZT:O FT(X)

Let us note here, for consistency, that in the aging-less case, §, = ¢, = 1,
it is @(x) = @(x) = 1 and, hence, 7 = y* = x*, for s = +1.

Replacement of Egs. (A.15) in Egs. (A.14) leads to the following rate
equation for x = x*
‘;—’: =G(x) = g [(1 = 0)P(x) = xP(1 = x)| + (1 — a)x(1 — x) [@(x) — D(1 — x)].

(A17)

Appendix B. Calculation of sums involving F,(x)

Let us assume that the herding and the idiosyncratic mechanisms
are modeled by the following rational function of the age
T+7* ooT +7*
— [ , ~T — ) , (B.l)
T4+ 7 T+ T*

T

respectively, where * > 0 and ¢, §,, € [0,1]. The function F,(x)
defined in Eq. (3) is given by

7—1

T E(x. 0. 40 G0),
Fo(0 = [] Ay x40 0) = Ao, G, LGLL LR

- ;T2
=0 aoh

(B.2)

where (z), = I'(z+7)/I'(z) is the Pochhammer symbol, and the function

E(X,a, 4y, o) Teads
A(x,1,a)

—_— (B.3)
Ao X Gy > @)

&(x,a, 45 4oo) =

with

A(x,q,a) =a(l=q/2)+ (1 —a)1 - x), (B.4)
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as defined in Eq. (4). It is interesting to obtain the asymptotic behavior
in the limit of large z of Eq. (B.2), which yields

~ 5 7 T (E(X,8.400-G00)—1) L l
100 7 Al 000 r(r*f(x,a,qw,qm»w(f) :

(B.5)

This expression, together with Egs. (A.13) evidences that stationary age
distribution x¥ decays exponentially for large age 7, except in the case
ds = 0. In this special case, since A(0,0,a) = 1, the decay follows a
power-law behavior.

The sums required to calculate &(x), ®(x) as defined in Egs. (A.16),
take the following explicit forms in terms of the hypergeometric func-
tion , F(a, b; c; z),

D Fx) = o Fy (1L, 7E(X, 0, 000 000): 3 Ao, G @) (B.6)
=0

oo
D 4. Fo () = 2 Fy (LT°E(X, 8,00, Geo)i 1 + 75 Ao X, 0o @)
=0

9
1+7*

X o F (2, 1+ 77X, 0,4 G0 )s 2 + 775 Ao X, qw,a)) R (B.7)

+

A(x, 1,a)

D G Fo(0) = o Fy (176X, 0,00, Gco)i 1 + 75 Ao X, 0o @)
7=0

S
1+ z*

X o F) (2, 1+ 7°E(x, 8, Gy, G ); 2 + 7% A(goo X, ¢7w,a)) . (B.8)

+

A(x, 1,a)

For the complete aging case, where g, = §,, Eqs. (B.7) and (B.8) become

< 1
;)q,mx) TR (B.9)

irrespective of the parameters z*, q,.

Back to the general case, and in order to compute the average age of
agents in each state (z*) = th 2. 7x%, we use Eqgs. (A.13) and calculate
the following sum

0

Z TF,(x) = A(x, 1,0) 3 Fy (2,1 + T*E(X, @, Goo» Gioo); 1 + 75 Aldoo X, G @) »
=0

(B.10)
such that
(t5) = T (X, 4eor Goor @) » (B.11)

where x* = x and x~ = 1 — x are the stable solutions of Eq. (1) and the
function 7 is given by
2P (21 4+ 76X, 0, G )i 1+ 7% Al X, g @)
2By (L7760 0,00 00 T3 A0 X, 0o @)
(B.12)

T (X, G Goor @) = A(x, 1, 0)

Appendix C. Time evolution of the global variable for g, =0

Below the critical point, the microscopic variables x* do not reach a
stationary state, evolving indefinitely over time and driving the global
state of the system x toward one of the ordered states, say x = 0. After
a transient period, a power-law decay of the form +=# is observed for
both x(7) and x0+(t) (see Fig. C.7). The closer the system is to the critical
point, the longer the transient time. The exponent g is positive for all
the range a € (0, a.) and decreases as the system approaches the critical
point a..

Data availability

No data was used for the research described in the article.
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Fig. C.7. (a) Time evolution of the densities x(#) and x; (1) for different values of a indicated in the legend for g, = 0,7* = 4 obtained from numerical simulations with N = 10°
agents averaged over 10° trajectories. The segments have slope f, obtained by means of a linear fit to the asymptotic region of each curve. (b) Exponent # versus the noise intensity
a, for values * = 4,6. Dashed lines correspond to a fitting of the form g=1-az*/2.
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