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A. M-states system

We consider here the case in which each particle can be in one of M (instead of 2) possible
states. We will show that the results obtained in the main text for 2—state systems also
hold in this more general case.

We label the states with the subscript a = 0,1,..., M — 1, so in this case the variable
describing the state of particle i can take M possible values, s; = 0,..., M —1 (we start the
labeling from 0 to be consistent with the previous case, that would correspond to M = 2).
Let p;(A;, «, t) the probability that particle 7, with heterogeneity parameter \;, be on state

a. It satisfies the evolution equation:

dpi(Ni, o, 1) Az,oz t)
ZAaﬁ z za/@ t) (1)

with A, s a general transition matrix (satisfying Ef{vz_ol A,, = 0), that may depend in
principle on time and on the time that the particle has been on its current state. To isolate
the role of parameter heterogeneity, we assume that the initial condition is the same for all
the particles (or that the initial condition is determined by the value of );) such that the
solution p;(\;, a, t) = p(A;, a, t) is the same for all particles sharing the same value of the
parameter. The macroscopic state of the system will be described by the set of variables
Ny = Zf\il 0a,s;, that is, the number of particles in each state. The averages and variances

of this variables are given by:

(na(t)) = ) _p(Ni a,t) (2)
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o*na(t)] = > [p(hi, . t) = p(Ni, a, t)°] . (3)
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This variance is again smaller that tat of a system of identical particles with same average,

the difference given by:

e (t)}a — o[ (t)] = Np(a, 112 = pla, 1) , (4)

a result exactly analogous to the one obtained in the previous case. The heterogeneity
among the particles on the probability of occupation of level o can be derived from the first

moments of the occupation number of the level:
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Note that, when focusing on the number of particles on state «, the system effectively
reduces to a 2—level one, with states a and no-«, so the results of the previous section can
be translated directly.

A different and some times relevant question can be considered when the labeling of the
states is such that the order is well defined (for example each state corresponds to an energy
level or a distance from a reference). Then the average state is meaningful and we can study
its statistical properties. Below we show that the variance of this mean level is again always

smaller if heterogeneity is present.
M-1 _ Na

The average state of the system is given by L = Y """ a —. It is a random variable
whose average and variance are given by:
M-1 M-1 N
(na) p(Xi; @)
=0 a=0 i=1
M-1 o T IS M-1
o’[L] = w2 (nants) = (na)(ns)) = WZ > a?pla,h) = Y ap(a, )Bp(5, AiX})
a,5=0 i=1 La=0 a,3=0
We have used p(Aj,a) = (dns,) and (ngng) = Zgj:1<5a,5iéﬁ7sj> = (na)(ng) +

Zﬁil[&x,ﬁp(a, i) — p(a, Ai)p(B, \i)]. A system of identical particles that had the same aver-
age occupation of the different levels i.e. pjq(\;, ) = % Z;V:lp(kj,a,) = % Vi, a,, would

have and average and variance of the mean level given by:

D= Y o =) 0
Pl = 02l ﬁz__oaﬂ“jg””—]@). Q

We now define g(\;) =), ap(\;, o) (the average level of particle ), and note that the first
terms in the right-hand side of (7) and (9) are equal, while the second terms can be written

as:

1 N M- 1 N o
N Z Z P, 0)Bp(N B) = 55 D90 = 6% (10)
i=1 a,8=0 X

3 aplied o) :H%Zgui)] - <7 (1)

a,B=0
which implies that o?[L];q > 0?[L], i.e. the variance of the mean level is always smaller in

a system of heterogeneous particles, the difference with respect to the case of identical ones
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being:

o*[La—0*[L] = % <g -7 ) Z af [Zp p(B, ) _ Z p(o‘v)‘;)\fi(ﬂv Aj) > 0.

aﬁ 0 ij=1
(12)

The correction to the variance in this case scales as 1/N, but again is of the same order as the
variance itself, indicating a non-negligible correction. In this case to derive the heterogeneity
of g(\;) over the population one needs to know the average occupation level of each state

(nq) and use:

P -7 =) a*(n)/N - (L)’ = No®[L]. (13)

This can be written in terms of the variance of L in an equivalent system of identical particles,

0?[L]iq. If this is known, one can directly use
9> =G> =N (0*[L}ia — 0°[L]) . (14)

Note that, contrary to the two-level case, now the value of (L) does not determine o?[L]iq.

B. Intuitive origin of the decrease of fluctuations for independent units

We have shown that a system of independent heterogeneous particles has smaller fluctu-
ations for the collective variable than an equivalent system of identical ones. The origin of
this result is the following (for simplicity we refer to the case of 2-state system):

The average of the global variable is determined by the concentration of the states of the
particles around state 1 ((n) = > .(s;)). The fluctuations (measured by the variance) of
the global variable are determined by the stochastic fluctuations of the individual particles
alone (0?[n] = >, 0*[s], since the particles are independent).

In a system of heterogeneous particles, the dispersion of the states of the particles is due to

the heterogeneity (some prefer to be around sate 0, others prefer to be around sate 1) plus

their intrinsic stochasticity. In a system of identical particles, the dispersion comes from

the stochasticity alone, so for a system of identical particles to have the same concentration

in the states of the particles (global average) than a heterogeneous system, the intrinsic

stochasticity has to be larger. This will give rise to larger fluctuations for the global variable.
A

In particular, any given rational value of % = % can be obtained with zero fluctuations,

taking A particles that are always at state 1 and B — A particles that are always at state 0.
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This explanation is illustrated in figure (1). In the identical-particles system both particles
fluctuate between 1 and 0. In the heterogeneous case, one particle spends most of the time
at 1 and the other spends most of the time at 0. The probability of finding a given particle
at 1 is the same in both cases (1/2) but in the heterogeneous case most of the time there
is one particle at 1 and one particle at 0, resulting on a value of the average state most
often equal to 1/2, and so with smaller fluctuations. The situation is similar for a larger
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FIG. 1: Time series of a system of two identical (upper panel) and heterogeneous (lower panel)
particles, together with the corresponding average state. Note that the fluctuations of the average

state are more pronounced in the case of the identical particles.

number of particles, as shown in figure 1 of the main text. An analogous picture emerges
when one considers more that 2 states. Note that in every case we compare a system
of heterogeneous particles with another of identical ones that has the same one-particle

distribution i.e. p;(a);q = Zj %, Vi, .

C. Justification of the Ansatz

The general evolution equations for the first moments are of the form:

d(s;
) — (7 + s, (15)
d{s;S;
Bh — (gysys)+ (it + (). (16)
Our main ansatz is that the m-particle correlations oj, ;. (t) = (d;,(t)---6;,.(¢)) with

9;(t) = s;(t) — (n;(t)) scale with system size as
O () = O(NT"2), - for ji # ji. (17)
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We first show how the ansatz (17) allows to close the system (15, 16).
We assume that functional dependence of the rates on the sate variables is of the form
f(s1/N,...,sy/N). This includes, for example, rates of the form f(> A\gsx/N) like the
ones used in the examples analyzed. We further assume that the rates can be expanded as

a power series:

N N N
S; 1 Sis Si 1 Si v S
f(Sl/Na-'-,SN/N) :CLO‘FZ%WI‘FQ iy ig ]1\,22+"'+H Z ail,...,z‘kﬁ*--
i1=1 i1,42=1 T1yeentp=1
(18)
N

There are N* terms in the k’'th summand, Z , giving a total contribution of order

Ulyeenylp=1

O(N?). The terms in the right hand side of (15) are of the form:

(siy - si) (@i 4 (i) - (0, + (50)) _ 3 U s) !t Qm O(N2) (19)

Ko k! Uk — 01 &= k=1

k
1=0
where §' corresponds to a term of the form (&, (t)---d;(t)), (s)*7! corresponds to
(Siy) -+ - (84,_,) and the last equality holds due to our ansatz. We see that the dominant
terms are those with [ = 0, which correspond to products of mean values of the form
(8iy) -+ (si,). We conclude that the ansatz allows to do the substitution (s; ...s;) —
(8i,) -+ (si,) + O(N~Y2) in the evolution equations for the mean values.
The evolution equations for the correlations read:

dO’i i
W’j = ((r; +7r7)s:0;) + ((r; +77)8500) + (r70;) + (r770;). (20)
In this case, the terms are of the form (s;, ...s;,0,) = ((d;y + (55,)) - - (0, + (54,))0,) with
r = 4,j. Due to the presence of J,, the term in which only averages appears vanishes.
Reasoning as before, we see that the dominant terms are those proportional to o;, 5, while

those proportional to higher-order correlations can be neglected. In this case, the ansatz
k

allows to do the substitution (s;, ...s;,0,) — (si,) - (si,) Z <Zir>
=1 \ir

way, the evolution equation for the correlations depend, at first order, only on averages and

+ O(N™*?%). In this

correlations and not on higher order moments.

The validity of the ansatz (17) itself can be established a posteriori by checking that
the results obtained using the ansatz are consistent with it. In this section, we will link its
validity with the well-known van Kampen’s ansatz [1] that is the basis for the systematic

system-size expansion.



Van Kampen’s ansatz consists on assuming that the variable of interest has a deterministic
part of order Q plus a stochastic part of order QY2 ie. n = Qa(t) + QV2¢, where Q is a
parameter of the system that controls the relative size of the changes due to elementary
processes, typically the system size.

In our system the role of the parameter €2 is played by the total number of particles N.
As briefly stated in the main text, we cannot expect that the single-particle variables that
we are considering obey van Kampen’s ansatz, since they are not extensive. Our variables
s; = 0,1 have a deterministic and stochastic part that are both of order zero respect to N
(note that o?[s;] = (s;)(1 — (s;))). However, the macroscopic variable n = >_ s, is indeed
extensive and we can expect that it will follow van Kampen’s ansatz: n = N¢(t) + N'/2¢.

This implies that the m-th central moment of n will scale as N™/2, i.e:

(= ()™ = D Ty = O(N™). (21)

j17~~~7jm
Now, assuming that o, = fu(N)&j, . for ji # 7, with &;, ;. independent of N
i.e. the m-particle correlations are all or the same order in N, so that ) ot Ojy,oosjm
scales as N™ (note that there are of the order of N™ terms in the sum), we obtain our main
ansatz, a;,. ;. = O(N™™/2) for j, # ji,. We have only considered terms with jj, # j; in
the sum (21); terms with repeated sub-indexes can be expressed as lower order ones. For

example, if the index j; is present £ times, and the others are all different, we find:

051,01, osd1od 20 Jmekt1 <(Sj1 - <3j1>) 5 . 5]k k+1>
= i () + B G, Z( ) =sass) (2)
=0

= Tjaremora (1= (8500) (552) + (1= {55 ))(=(850)"] + Oy ima [(L = (552))" = (= (55))"]

as can be see expanding (s;, — (s;,))* and keeping in mind that s? = s;. The number of such
terms in the sum (21) is O(N™ **1)  so they give smaller contribution that terms with all
sub-indexes different. Proceeding order by order from k = 1, we see that our main ansatz
(17) follows from (21).

We point out that in systems of heterogeneous particles we do not have a closed description
for the global, extensive, variable n so van Kampen’s expansion cannot be used. Instead we
derive the implications of van Kampen’s ansatz over the correlations of the microscopic vari-

ables. (17) is a simple and convenient expression that in general allows to close the equation
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for the moments (15,16). Often, however it is not necessary, and a weaker condition of the
form (21), that directly follows from van Kampen’s ansatz without further assumptions, is
sufficient.

Van Kampen’s ansatz is generally valid when the macroscopic equations have a single
attracting fixed point, when the system displays small fluctuations around the macroscopic
state. The general method explained here is expected to be valid under similar conditions.
An interesting topic for future research will be whether a system that has a single attracting
fixed point in the absence of diversity always maintains this globally stable state when
diversity is present, and whether a system that does not posses this globally stable fixed

point can acquire it when diversity is added.

D. Details of the calculation for the Kirman model

In the Kirman model with distributed influence, the averages and correlations obey:

d<82> -~ -1

el (2¢ + \)(s;) + N Ek Ae(sk), (23)
dO’L' < —
W] = —2(2¢+No;; + N* Ek Ak (O + k)

+ 6i e—l—a+(X—2a)(si)—22% (24)
k

witha =), % Note that, due to the particular form of the rates, these equations are
indeed closed. The first equation leads to a steady state value (s;)s = %, which implies
(n)sy = & (a property that comes from the symmetry 0 < 1). (24) is a linear system
of equations for the correlations. The steady state correlations can always be obtained by
inverting the matrix that gives the couplings. Obtaining a closed expression for ¢%[n| in
terms of the moments of A is, however, not straightforward. From (24), we see that in the

steady state:

>k Ak Ui’k;\rfaj'k + 0 [6 +X/2-2%, AkJ(\j;k]
2(2¢ + ) ’

Ui:j =

(25)
from where we obtain

_— - N(e+)/2)+2C(1 - 1/N)
ol = Z;% - 2(2¢ + )

, (26)



with C' = 3, - Ajo; ;. Multiplying (25) by A; and summing over j, one obtains:

d(1—2/N)+ (e + A/2)AN
4e + A

C = ’ (27)

where d = 3, - AiAjo; ;. This is obtained again multiplying (25) by A;A; and summing over
1,7:
(€ 4+ X/2)(A\2)N —2¢/N

d =
de ’

(28)

where e = 37, - A?Ajo; ;. Using the ansatz 0;; = O(N™") we see that the last term of (28) is
O(NY) (while the other are of O(N)), so to the first order we obtain :

A o[\l _

ast[n] = Z [1 + Z + m —i—O(]VO)7 (29)

with 02[\] = \2 — X°. We have seen how the application of the ansatz (17) allows one to
obtain closed expression for the global average and variance. Interestingly, in this particular
example, it is possible to include all higher order terms to obtain an exact expression for d

(which gives the exact expression for o2[n] trough (27,26)), details are given in the appendix:

k____ ~ o e
3 co (=2 \'32¥k  N(e+)\/2)—2%5—
[ MRS () ¥ N D )
2 — —e
4e + A— Zk:(] (N(Ti—X)) )\H_k de + m
. . ez s\ .
The second equality holds as long as [2] lim,—e - ( i 4e+X)> = 0. A sufficient
condition for this is \; < (’\+4€)N, Vi=1,...,N. When the \;’s are i.i.d. random variables,

2

the probability that this condition is satisfied approaches one as N grows. This condition is
actually necessary and sufficient for the first equality in (30) to hold (see appendix).

We finally obtain the following exact expression for the variance:

— 22
N N1 —1/N N
oi[n] = — 1+(—_/)+(N—3+2/N) MDA (31)
4 det A 2 + Nacoyon

We see from (31) that higher order corrections to o%[n] depend on higher order moments
of the distribution of A over the population.

Expressions (29, 31) refer to the variance of n in a population with given values for the pa-

rameters of each agent, \;, so the averages are population averages i.e. g(\) = Zf\il g(A\i)/N.



In the case that the parameters of the agents are random variables, the population aver-
ages themselves, W, become random variables. To compute the expected (average) value
of (29, 31), 0/2@, one has to average over the distribution of W, which depends on the
distribution f(\) of the \s (we are assuming \.s i.i.d. random variables). This averages
were obtained numerically, by evaluating expressions (29, 31) over the same realizations
of the \;’s that were used in the numerical simulations. One can use the approximation
ﬁ ~ g/(\)\), that works better the larger the N and the lower the variance o3, and that,
due to the law of large numbers, is valid in the limit N — oco. In Fig.2 of the main text we
compare the average of the analytical expression (31) with results coming from numerical
simulations. We find perfect agreement and see that at first order the dependence of o%[n]
with 0% = A2 — )2 is linear and independent of the form of the distribution, as indicated by
(29). Higher order corrections are noticeable for higher levels of diversity.

In the case of heterogeneity in the preference of the agents for the states, as indicated in
the main text, the variance is given by:

—2
— A, et A e
T+ - (2 41) -2

e +e) € <2€+ ) 2e+ A

, (32)

o?[n]y =

4(e + %)

In this case, the average of (32) over the distribution of parameters can be easily computed,

~ A ~2( A 1
BN ey ) SVESAR IR (AN
4(e+2) ‘ ( * e) ‘ (262+€)

o2 <2€+A/N+ A )] (33)

giving:

—

o?n], =

€(2e + ) 22N

The correlation function can be derived as follows (we exemplify the derivation in the
case of distributed influence, for other types of heterogeneity, the derivation is similar):
(23) is an equation for the conditional averages (s;|{s;(to)}) if we set {s;(to)} as initial

conditions. It implies:

d A
d—z =€\ —2ea — a(ty +t) = 5(1 —e %) a(ty)e (34)

with a = Y, Ae(skl{si(to)})/N. Noticing that (23) is equal to % =e€— (2e+ ) (s;) +a(t),
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we obtain:

o 4 D)) = 1 = =) 4 SRR vy oy e (a5)
Using now Koa[n)(t) = ((n(to+)|n(to))n(to)) o — (n)2 = X2, ({si(to+1) s (t) Vs (ko)) — 25

(remember (n)y = N/2), and after some straightforward algebra, we obtain:

Kqln](t) = (0% — C/N)e™ @V 4 O fxe >, (36)
From (25) we get C/\ = 2X(215—+1X/N) (6% — N/4) = u, showing that (36) is equal to the

expression displayed in the main text.

E. Appendix

We start with equation (25):

Zk)‘kwjvam"‘éi,j [€+X/2_2ZkLﬁk]

- _ 37
7 2(2¢ + N) (37)
Using the rescaled variables ¢, ; = 40, , S\k = m, and defining S,, := Zf’?{j:o ):Z-nj\j&”,
we obtain: _
N)—-1 N /=~ <

Sni1 = —5—Su+ 5 (/\"Sl + >\"+1) . (38)

Defining now G,, := (sz_l)n Sp, T = 224:1 G, we arrive to:

2 \""'n Nt de \ =
Gn+1 = Gn —+ — i |:G1 <_;€_) S\n + 5\n+1:| 7 (39)
NA-1 2 4(2¢ + 2)
M n ~
N 2 21+ =
Ty —Gro= T+ 5 Y - C 1G] (40)
2= 1\nr-1 NA—1
If limy;—o Gy = 0, we see that:
n+1—=
N ZOO ( 2 ) An+1
2 n=1 3
1= — N ooN)\ ! 5 m—_—— (41)
L+ 2 anl <N§_1> A

Going back to the original variables, we finally obtain, with the notation of the main text:

N3(e4+X/2)(4e4+X) o0 9 v
— T X (m) AT

d - n
N oo -2 n
I+3 anl ((X+4E)N> A

: (42)
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which can be rewritten in the form (30), completing the proof.

The condition of convergence is:

al —2) \M 2,
lim Gy = lim — ‘ L =0, 43
i Gar = Jim 3 (()\ + 46)N) (2 + )N 43)

1,j=1

A necessary and sufficient condition for this is \; < M,W = 1,...N. When the

parameters \; are i.i.d. r. v. the probability of this typically approaches 1 as N grows.
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